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FIXED POINTS OF HYPERBOLIC CONTRACTION MAPPINGS ON
HYPERBOLIC VALUED METRIC SPACES

NILAY SAGER, BIRSEN SAGIR

ABSTRACT. In this paper, we give some elementary topological concepts and
results on hyperbolic valued metric space and then, we introduce two fixed point
theorems for hyperbolic valued metric spaces by defining hyperbolic contraction
mapping. We also give an example which support the main result.

1. PRELIMINARIES, BACKGROUND AND NOTATION

As we have known, fixed point theory has been an important issue of mod-
ern analysis and applied mathematics, particularly, whose importance comes from
finding roots of algebraic equation and numerical analysis. The main purpose of
researchers is to obtain new results in different metric spaces (see [2,4-10, 16—18,
20]).

The most comprehensive study of analysis in the bicomplex setting is certainly
the book of Price [19]. Alpay et al. [3] developed a general theory of functional
analysis with bicomplex scalars. After this studies, many articles have been pub-
lished in this area and many important results have been gained (see [1, 12-15]).

The definition of hyperbolic valued metric space was presented by Kumar and
Saini [11]. In this study, we develop a fixed point theory by defining some topo-
logical structures related to hyperbolic valued metric spaces. We also support the
main result with an example.

Now, we give basic properties of bicomplex numbers and hyperbolic numbers
which will be used in our subsequent discussion. For further details on the follow-
ing definitions and results, we refer the reader to [3,15,19].

Let i and j be independent imaginary units such that i> = j> = —1, ij = ji and
C (i) be the set of complex numbers with the imaginary unit i.The set of bicomplex
numbers BC is defined by

BC ={z=2z1+jz:z21,22 € C(i)}.
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The set BC forms a ring with respect to the addition and multiplication defined as
z+w= (21 + jz2) + (Wi 4+ jw2) = (21 +w1) + j (22 + w2),
zw= (21 +jz2). (Wi + jw2) = (ziw1 — 22w2) + j(ziwa + z2w1) -
The set of hyperbolic numbers ID is defined by
D={x+ky:x,yeR},

where kK> = 1land k= i.j.

The set D is a subring of the set BC, and also DD is a ring and a module over
itself.

There are three types of conjugates in BC :

=7+ i3,
=71 — jz,
ZT3 - E_ .]57

where 77,7, are the complex conjugates of z;,z, € C (i) . Also, we know three types
moduli for any z € BC:

2l =22 =+ € C(i),
e} =22" = (]2 = |2) + ) R (21.3) € C()),
ef =22 = (|t + |=2) + k(=3 (z1.7)) € D.

Let z = z; + jzo be any bicomplex number in BC. We say that z is invertible if
|z|; # 0, that is, z3 + 23 # 0 and its inverse is given by 77! = % If, on the other
2l
hand, z # 0 but |z|, = 0, then z is a zero divisor.

The ring BC is not a division ring, since one can see that if ¢; = 1+2u and e; =

%, then e and e, are zero divisors. The numbers e; and e, form idempotent basis
of bicomplex numbers and hence any bicomplex number z = z; 4 jz, is uniquely
written as
z=e1p1+ep (1.1)

where B = z; —iz2,B2 = 21 + iz € C(i). Formula (1.1) is called the idempotent
representation of z.

The sum and product of bicomplex numbers is also stated by using idempotent
representation (1.1). Specifically, if z = Pie;+ Baez, w = Y1€1 + 7262 € BC, then

z+w=Br+11)e1+(Ba+12)er,
zw = Bivier + Pavaer,
7" = Bler + Prer.

Let o = x+ ky be any hyperbolic number. Then, we have the equality

o =e10 +ex0y,
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where oty = x+y,00 =x—y € R. If oy > 0 and o > 0, then « is called a pos-
itive hyperbolic number. Therefore, the set of positive hyperbolic numbers D™ is
denoted by .
DT = {OL =10 +e00 0 > 0,00 > 0}

For two hyperbolic numbers o and PB; if their difference B—a € D™ (orf—a €
D* —{0}), then we write o0 3B (or ot 3 B ). For ot = ejou + ex00, B = Brej+
Baes € D with real numbers o, 0, B and B2, we have that

o 2 B if and only if oy < By and oy < Bo,
o 3 B if and only if ot # B and oy < By and o < B,
o < B if and only if o < By and o < B».

This relation = is reflexive, anti - symmetric, transitive and so defines a partial
order on D.
We know that the hyperbolic valued module |z|, of a bicomplex number z =
e1B1+ e2Ps is also given as
2l =e1Bi]+e2Bal.
One can easily see that
2wl = [zl - [wli
for any z,w € BC.
The following statements are true for o, 3,y € D :
(i) foZPthena+y3IP+Y.
(i) fo<Pthena+y<P+y.
(iii) If o« T B and B 3, then o 3 .
(iv) If o < B and 0 < v, then ary < By.
(v) If o < B and y < 0, then By < oy.
(vi) If oo 2 B and 0 3 v, then ary 3 PBy.
(vii) If « T B and v 0, then By 3 ay.
(viii) If o 2 B andy =<3, then . +y =3 B+ 8.
(ix) If oo 3 Band y 5 3, then a4+ 3 B+3.
(x) If o,p € DY, then o 3 B (or o 5 B or o < PB) implies that |t < [B| (or |t <
|B|) where |.| shows Euclidean norm in BC (see [3, 15]).
(xi) If o € DT, then |af, = ct.
A sequence in BC is a function defined by z: N — BC,n — z,. This sequence
converges to a point z* € BC if and only if to each € > 0 there corresponds an n (€)
such that |z, — z*| < € for all n > ng (€). It is denoted by z, — z* as n — +oo. The
sequence z = (z,) is a Cauchy sequence in BC if and only if to each € > 0 there
corresponds an ng (€) such that |z, —z,| < € for all n,m > ng (€). Also, z = (z,)
converges to a point in BC if and only if it is a Cauchy sequence in BC. On the
other hand, for any sequence (z,) in BC such that z: N — BC, z, = Bine1+ Ponez
and for any z* = Bje; + B3¢ € BC, we have that z, — z* as n — 4o if and only if
Bin — B} and By, — B3 as n — +oo.
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The following definition and lemma are recently introduced by Kumar and Saini
[11].

Definition 1.1. Let X be a nonempty set and dp : X X X — D be a function such
that for any x,y,z € X, the following properties hold :

(i) Op 2 dp(x,y) and dp (x,y) =0 if and only if x =y,

(11) d]D) (XJ) = d]]]) ()@x) ’
(iii) dp (x,z) 2dp (x,y)+dp(y,2).
Then dyy is called a hyperbolic valued or D - valued metric on X and the pair
(X,dp) is called a hyperbolic valued or D - valued metric space [11].

Example 1.2. 1) Let X =R and a mapping dp : R x R — ID be defined by
dp (x,y) := (1+ij) |x—|
forany x,y € X where |.| is the usual real modulus. Then, (R,dp) is a hyperbolic
valued metric space.
2) LetX =BC, the mapping dp : BC x BC — D defined by dp (x,y) := |x—y|, for
any x,y € BC is a hyperbolic valued metric.

Lemma 1.3. Every hyperbolic valued metric space is first countable [11].

2. SOME TOPOLOGICAL CONCEPTS ON HYPERBOLIC VALUED METRIC
SPACES

In this part, we define some topological structures related to hyperbolic valued
metric spaces and we discuss some of their properties which will be required in the
subsequent section.

Definition 2.1. Let (X,dp) be a hyperbolic valued metric space, x € X, and Op 3
reD, we define a set Bp (x,7) ={y €X : dp (x,y) 3 r} which is called a hyperbolic
open ball of hyperbolic radius r with center x. Similarly, a hyperbolic closed ball of
hyperbolic radius r with center x is defined by Bp (x,r) = {y € X : dp (x,y) S r}.

Definition 2.2. Let (X, dp) be a hyperbolic valued metric space and A C X. A point
x € X is called a interior point of A if there exists 0 3 r € D such that Bp (x,r) C A.
A point x € X is called a limit point of A if (Bp (x,r) — {x}) NA # @ for every
0 % r € D. The set of interior points of A is denoted by A°® and the set of limit
points of A is denoted by A’®. We say that the subset A is a hyperbolic open set if
each element of A belong to A°P. We say that the subset A is a hyperbolic closed
set if each limit point of A belong to A.

Lemma 2.3. Let (X,dp) be a hyperbolic valued metric space. Then, each hyper-
bolic open ball of X is a hyperbolic open set.

Proof. Letx € X,0 3 r €D and Bp (x,r) be a hyperbolic open ball. We show that
Bp (x,r) is a hyperbolic open set. Suppose that § = r—dp (x,y) and z € By (y, d) for
each y € Bp (x,r) .Thus, we can write dp (y,z) 3 8 = r —dp (x,y) . Then, it follows
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that dp (x,z) 3 dp (x,y) +dp (y,z) 3 r. This means that z € Bp (x,r) . Therefore,
Bp (y,9) C Bp (x,r) which shows that By (x,7) is a hyperbolic open set. This com-
pletes the proof. U

Lemma 2.4. Let (X,dp) be a hyperbolic valued metric space. Then, the following
statements hold :
(1) The sets X and & are hyperbolic open sets.
(ii) The intersection of any finite family of hyperbolic open sets is also a hyper-
bolic open set.
(iii) The union of any countable family of hyperbolic open sets is also a hyperbolic
open set.
(iv) The union of any uncountable family of hyperbolic open sets is also a hyper-
bolic open set.

Proof. The first one is clear. Let us prove (ii). Let Aj,A»,...,A,, be hyperbolic
open sets and y be any point of A; UA, U...UA,,. Then, there is a natural number
mp € {1,2,...,m} such thaty € A,,,. Since A,,, is a hyperbolic open set, there exists
0 X r € D such that By (y,r) C A, Therefore, we conclude that Bp (y,r) C A U
ArU...UA,,. This means that the union of any finite family of hyperbolic open sets
is a hyperbolic open set.

The proofs of (iii) and (iv) are similar to the proof of (ii). O

Corollary 2.5. Every hyperbolic valued metric space is a topological space based
on the set of all hyperbolic open sets.

Proof. The proof of Corollary 2.1 depends on properties of hyperbolic open sets
which are in Lemma 2.2. (]

Proposition 2.6. Ler (X,dp) be a hyperbolic valued metric space and A C X . Then,
the set A is hyperbolic closed if and only if X — A is hyperbolic open.

Proof. The proof of this proposition is direct applications of definitions. U

Definition 2.7. Let (X,dp) be a hyperbolic valued metric space, (x,) be any se-
quence in X and x € X. If for every 0 3 € € D there exists ng € N depending on €
such that for all n > ny
dp (xn,x) 3 €,
then we say that (x,) is convergent with respect to the metric dp. We denote this by
limp x,, = x or x, @xas n — oo,
n——+oo
If for every 0 3 € € D there exists ng € N depending on € such that for all
n,m 2> ny
dp (xnyxm) ,,_5 €,
then we say that (x,) is a Cauchy sequence with respect to the metric dp.
If every Cauchy sequence with respect to the metric dy is convergent with respect
to the metric dp in (X,dp), then we say that (X,dp) is a complete hyperbolic
valued metric space.
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Theorem 2.8. Let (X,dp) be a hyperbolic valued metric space, x € X and A C X.
Then, x € A if and only if there exists a sequence (x,) contained in A with x,, # x

forallnGNandxndgxasn%—l—oo.

Proof. Let x € A Then, (Bp (x,€) — {x}) NA # @ for every 0 { € € D. Since the
hyperbolic valued metric space (X,dp) is first countable, each point x in X has a
countable neighbourhood basis. For each x € X we can take the neighbourhood ba-
sis of x, By, to be the set of all hyperbolic open balls centered at x with radius %e 1+
%ez, B}, = {BD (x, %el + %ez) ‘ne N} . In that case, {BD (x, %el + %ez) — {x}} N
A # @ for all n € N. Hence, we can find a point x,, € X different from x with
Xn € Bp (x, %el + %ez) and x,, € A for each n € N. Thus, we obtain that there exists

. . . d
a sequence (x,) contained in A with x,, # x for all n € N and x, B xasn— +oo.
Conversely, suppose that there exists a sequence (x,) contained in A with x,, # x

for all n € N and x;, B xasn— +oo. In this case, for every 0 3 € € ID there exists
no € N depending on € such that 0 3 dp (x,,x) 3 € for all n > ng. Thus, we can
write x, € Bp (x,€) — {x} for every 0 3 € € D and for all n > ng. This implies
that (Bp (x,&) — {x}) NA # @ for every 0 3} € € D, that is, x € A’®. The proof is
completed. U

Theorem 2.9. Let (X,dp) be a hyperbolic valued metric space and A C X . Then,
the inclusion (A™)"™ C A" holds.

Proof. Let x be any limit point of A’>. Then, for every 0 e €D, (Bp (x,&) — {x})N
A # & In this case, (Bp (x,5) — {x}) NA"™ # @. This implies that there exists
y € A’ different from x with y € Bp (x,5) . On the other hand, since y € A, for
every 0 e €D, (Bp(y,e) —{y}) NA # @. In this case, (Bp (y,5) —{y}) NA #
. This implies that there exists z € A different from y with z € Bp (y, %) .

We assume that x ¢ A’. Then, we can find a hyperbolic number 0 3 €9 € D such
that (Bp (x,€0) — {x}) NA = &. We claim that z # x. In fact, if z = x, it would be
obtained that x € (Bp (y,€) — {y}) NA for every 0 3 € € D, that is, x € A® which
contradicts our assumption. Therefore, it is seen that z # x. Also, this means that
7 € (Bp (x,€) —{x})NA for every 0 € € D, but this is a contradiction. Then,
our assumption is wrong, x € A’® and so the inclusion (A")” C A’> holds. This
completes the proof. O

Proposition 2.10. Ler (X,dp) be a hyperbolic valued metric space and A C X.
Then, AUA' is a hyperbolic closed set. This set is called a hyperbolic closure of

the set A, which is denoted by A

Proof. The proof depends on definition of limit point, Proposition 2.1 and Theorem
2.2. O

Proposition 2.11. Ler (X,dp) be a hyperbolic valued metric space, x € X and
A C X. Then,
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@) AV =A if and only if A is hyperbolic closed.
(i) x € A’ if and only if Bp (x,&) NA # O for every 0 3 € € .
(iil) x € A’ if and only if there exists a sequence (x,) contained in A such that
Xn B xasn— o0,
Proof. The proof of all parts of Proposition 2.3 is clear from Proposition 2.2. [

Proposition 2.12. Let (X,dp) be a hyperbolic valued metric space, (x,) be a se-

quence in X, x € X and x, @3 x as n — —oo. Then,
(i) The limit point of the sequence (x,) is unique.
(ii) The sequence (x,) is a Cauchy sequence with respect to the metric dp.
(iii) All subsequences of the sequence (x,) converges to x with respect to the metric
dp.
Proof. (i) The proof is clear with a routine verification.

(i1) Since x,, @; X as n — oo, for every Op ;j € € D there exists ny € N depending
on € such that dp (x,,x) 33 § for all n > ng. In this case,
€ €
dp (Xp,%m) 3 dp (X, x) +dp (Xm,x) 3 5t5= €

for every 0 3 € € D and for all n,m > ny.
This means that (x,) is a Cauchy sequence with respect to the metric dp.

(iii) Let (y,) be any subsequence of (x,). Since x, B oy asn— +o0, for every
0 3 € € D there exists n; € N depending on € such that for all n > ny, dp (x,,x) 3 §
and also, (x,) is a Cauchy sequence with respect to the metric dp by (ii), that is,
there exists ny € N depending on € such that for all n,m > n, dp (x,,Xs) 3 5. Since
dp (yn,x) 2 dp (Yn,Xn) +dp (xn,x) for all n € N, if we take no = max {n,n, }, then
€
2
for all n > ny which implies that y, @i X asn — +oo,

Then, the proof of all parts of Proposition 2.4 is complete. U

€
dp (Yn,x) 3 §+ =€

Lemma 2.13. Let (X,dp) be a hyperbolic valued metric space, (x,) be any se-
quence in X and x € X. Then, the sequence (x,) converges to x with respect to the
metric dp if and only if |dp (x,,x)| — 0 as n — oo,

Proof. Suppose that (x,) converges to x with respect to the metric dp. For a chosen
real number ¢ > 0, let € = ce| +cey. Then, e €D and 0 ;j €. Thus, there is a natural
number 7 such that dp (x,,x) 3 € whenever n > ng. In this case, |dp (x,,x)| < [€| =
¢ for all n > ny. This implies that |dp (x,,x)| — 0 as n — +oo.

Conversely, suppose that |dp (x,,x)| — 0 as n — +oo. We claim that for a given
hyperbolic number € = €1e; + €, with €;,&; > 0, there is a real number & > 0
such that for any o0 = ot e; + e, € D

o < € whenever |o| < 8.
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In fact, set & = min{%,%} for every 0 < & € D. If o] < &, we obtain that
o <€ and o < €, thatis, o0 < €.

Also, for this 9, there is a natural number ngy such that |dp (x,,x)| < & for all
n > ng. This implies that dp (x,,x) < € for all n > ng. Thus, (x,) converges to x

with respect to the metric dp. The proof is completed. U

Corollary 2.14. Let (X,dp) be a hyperbolic valued metric space, (x,) be any se-
quence in X and x € X. Then, the sequence (x,) converges to x with respect to the
metric dp if and only if dp (x,,x) = |dp (xXn,X)|, = 0 as n — oo

Proof. The proof is clear from Lemma 2.3. O

Lemma 2.15. Let (X,dp) be a hyperbolic valued metric space and (x,) be any
sequence in X. Then, the sequence (x,) is a Cauchy sequence with respect to the
metric dy if and only if for all m € N, |dp (X, Xy1m)| — 0 as n — +oo.

Proof. Suppose that (x,) is a Cauchy sequence with respect to the metric dp. For a
chosen real number ¢ > 0, let € = ce; 4 ce,. Then, € € D and 0 ;j €. Thus, there is
a natural number ng such that dp (x,, x¢) ;j € whenever n,k > ng. Since there exists
a natural number m such that k = m 4 n for each k greater than n, we can write
dp (Xp, Xn4m) 3 € for all n > ng. Therefore, |dp (X4, Xp1m)| < |€] = c for all n > no.
This implies that |dp (X, Xp4m)| — 0 as n — +oo.

Conversely, suppose that |dp (X,,X,m)| — 0 as n — 0. Then, for a given 0
€ € D, there is a real number & > 0 such that for any o0 = alje; + 0xe; € D

o < € whenever |o] < 8.

For this §, there is a natural number ng such that |dp (x,, X1 )| < 6 for all n > ny.
This means that dp (x,,X,+,) < € for all n > ny. Then, we obtain that (x,) is a
Cauchy sequence with respect to the metric dp. (]

Corollary 2.16. Let (X,dp) be a hyperbolic valued metric space and (x,) be any
sequence in X. Then, the sequence (x,) is a Cauchy sequence with respect to the
metric dp if and only if for all m € N, dp (Xn,Xp41m) = |dp (Xn, Xp1m)|, = 0asn—
oo,

Proof. The proof is clear from Lemma 2.4. U

Proposition 2.17. Let (X,dp) be a hyperbolic valued metric space. Then, we have
the following statement :

|d]D) (x,z) _d]D) (yvz)|k r_\</ dD (x,y)
forall x,y,z € X.

Proof. We know dp (x,z) = dp (x,y) +dp (y,2) and dp (y,z) 2 dp (y,x) +dp (x,2)
for any x,y,z € X . Thus, we have

_dD (yvx) r_\</ dID) (X7Z) _dID) (y,Z) ;j d]D) (xvy) .
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Let dp (y,x) = oje; + 0ez, dp (x,2) = Brey + Baez, dp (v,2) = Yie1 + Y2e; for
any oy, 00, B1,B2,71,7, € RTU{0}. In this case, we can write |B; — ;| < o) and
IB2 — 72| < ap. This implies that

|dp (x,2) —dp (,2) |, = [Br —vi]e1 + B2 — 12l e2 T oer + 02e2 = dp (y,x) .

The proof is completed. U
Theorem 2.18. Let (X,dp) be a hyperbolic valued metric space, (x,) be any se-
quence in X, x € X and x, @i Xx as n — +oo. Then, for everyy € X,

|dp (%n,y) — dp (x,y)] — 0.
Proof. We know that |dp (x,,,y) —dp (x,y)|; = dp (xn,x) foreveryy € X and all n €

N by Proposition 2.5. Since x;, B xasn— +oo, it follows that |dp (x,,y) — dp (x,Y),
— 0 as n — oo which is what we want to see. Also, this means that dp (x,,y) —
dp (x,y) . The proof is completed. O

Definition 2.19. Let (X ,dﬁ ) and (Y , d]g)) be two hyperbolic valued metric spaces
and f: X — Y be a function. If for every 0 3 € € I there exists 0 % 8 € ID such that

f(B]D) (x7 8)) CBp (f (x) 78) )

then we say that the function f is hyperbolic continuous at x € X.
Theorem 2.20. Let (X ,def) and (Y, dﬂg) be two hyperbolic valued metric spaces,
f:X =Y be a function and x € X. Then, the function f is hyperbolic continuous

dr X
at the point x if and only if f (x,) — f (x) for every sequence (x,) with x, — x as
n— +oo,
Proof. Let f be hyperbolic continuous at the point x € X. Then, for every 0 3 & €D

dX

there exists 0 5 8 € D such that f (Bp (x,8)) C Bp (f (x) ,€). Also, since x,, — x as

n — oo, there exists a natural number ng such that dj (x,,x) < & for all n > ng. In
that case, x, € Bp (x,8) for all n > ng, and so f(x,) € Bp (f (x),€) for all n > ng

dY
by hypothesis. Thus, we obtain that f (x,) — f (x) as n — oo,
dY
Conversely, suppose that f(x,) — f(x) as n — +oo for every sequence (x,)

dX
with x, % x as n — +oo. Assume that the function f is not hyperbolic continuous
at x € X. Then, there is some 0 j € € D such that

f (B (x,8)) & Bp (f (%) ,€)
for every 0 3 8 € D. Since the hyperbolic valued metric space (X ,def) is first
countable, each point x in X has a countable neighbourhood basis. For each x € X
we can take the neighbourhood basis of x, By to be the set of all hyperbolic open
balls centered at x with radius %el + %ez

1 1
Bp = {BD (x,—€1+—€2> :nGN}.
n n
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In that case, f (Bp (x,1e1 +1es)) & Bp (f (x),€) for all n € N. Hence, we can
find a point x,, € X with x, € Bp (x, Le; + 1es) , but £ (x,) ¢ B (f (x),€) for each
n € N. This implies that dp (x,,x) 3 ej + Le and dp (f (x,), f (x)) 4 € for each

dX
n € N. Then, x,, — x as n — oo, but (f (x,)) is not convergent to f (x) with respect
to the metric d]g). This yields a contradiction and so f is hyperbolic continuous at

the point x € X. This completes the proof. O
Theorem 2.21. The following statements are true for . € D :
(i) a®=1.
() Ifaoe D", a+# 1 and 1 — o is invertible, then
1— OC"+1
1+oc+oc2+...+oc":ﬁ 2.1
foralln € N.

(i) Ifaoe D" and oo < 1,then 0 2" < 1 for all n € N and o — 0.

Proof. (i) Let o = 0ije;+ Oes. Then, o = oc‘l)el—i- chez =le;+1lep=1.

(i1) For n = 0 and n = 1, the proof is clear.

We assume that (2.1) holds for n = k. Now, we want to show that (2.1) holds for
n = k—+1. Consider

1—06k+1
l+o+o?+.. +of+aoft! = T + o1
_ 1 — okt! (1—0()06k+1
1—o 1—o
R Y
1—o
1—06k+2
T 1o

Then, (2.1) is true for n = k+ 1. Thus, the mathematical induction principle
completes the proof.

(iii) Let o = alye;+ 0per. Since 0 S o= o e1+ Oher < 1 = ley + ley, we write
0<oy <land0 <oy <I.Inthiscase,0<of <1,0<a) <1forallne€ Nand
soof — 0, o5 — 0 as n — +o0. On the other hand, since o" = ofe;+ o5e; for all
n€N. Thus, 0 S o < 1 foralln € Nand o — 0.

Then, the proof of all parts of Theorem 2.5 is complete. (]

3. MAIN RESULTS

In this part, we first define the hyperbolic contraction mapping, then introduce
two fixed point theorems for hyperbolic valued metric spaces and finally we give
an example for main result.

Definition 3.1. Let X be a set and 7 be a mapping from X to X. A fixed point of T’
is a point x € X such that Tx = x.
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Definition 3.2. Suppose that (X,dp) is a complete hyperbolic valued metric space,
T:X —X,oe€D" and 1 —a is invertible. The mapping 7 is said to satisfy hyper-
bolic Lipschitz condition if

dp (Txv Ty) r_\</ odp (x,y)
holds for all x,y € X. If a0 < 1, then the mapping T is called a hyperbolic contrac-
tion mapping on X.
Theorem 3.3. Let (X,dp) be a complete hyperbolic valued metric space and T be
a hyperbolic contraction mapping on X. Then, T has a unique fixed point.
Proof. Let x( be any point in X. We define the iterative sequence (x,),

X0,
Txo =xp,
Tx1 = TTxo = szO = X2,

T"xy = x,,
and we show that the sequence (x,) is a Cauchy sequence with respect to the metric
dp. For all m,n € N if m < n, then
dp (X, X)) = dp (T"xp, T"xp)
= d]]]) (me()7 Tan_mX())
< o"dy (xo, """ xo)
= Otmd]]]) (X(),xn_m)
3o {dp (x0,x1) +dp (x1,%2) + ... +dp (Xp—m—1,%n—m) }
=o" {d]D) ()C(),xl) +dp (TX(), Txl) +...+dp (Tnimil)C(), Tnimilxl) }
2o {d]D) ()C(),xl) + odp ()C(),xl) + ...+ Otnimild]]]) (X(),xl)}
= o"dp (xo,xl) {1 +o+... .+ Ocnimil}

n—m
—

=o"d I E—
D (x0,x1) ——¢

=< Otmd]]]) (X(),xl)

1—
Since dp (xp,x1) € DT is fixed and o < 1, we can make o dp (xq,x1) ﬁ as small
as we want by taking m sufficiently large. It follows that (x;,) is a Cauchy sequence
with respect to the metric dp. Since (X, dp) is a complete hyperbolic valued metric

space, there exists a point x € X such that x;, B xasn— +oc0. In that case, x = T'x,
otherwise 0 3% dp (x,Tx) and we would have
dp (x,Tx) 2 dp (x,x,) + dp (x,, Tx
=dp (x,x,) +dp (TT"flxo, Tx)
=dp (x,x,) +dp (Tx,—1,Tx)
2 dp (x,x,) + odp (xX,—1,%) -
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Making n — oo, one gets dp (x,7x) = 0 which is a contradiction and hence x =
Tx. This shows that x is a fixed point of the mapping 7.

To prove the uniqueness of fixed point, let x* be another fixed point of 7, that is,
Tx* = x*. Then,

dp (x,x*) =dp (Tx,Tx") 3 adp (x,x") < dp (x,x7)
and so dp (x,x*) = 0. We obtain that x* = x. O

Theorem 3.4. Let (X,dp) be a complete hyperbolic valued metric space and T :

X — X satify:
dp (T"x,T"y) = adp (x,y)

forall x,y € X, where . € DT, 1 — o is invertible and o < 1. Then, T has a unique
fixed point.
Proof. By Theorem 3.1, T" has a unique fixed point, that is, there is a unique x € X
such that 7"x = x. Since
dp (Tx,x) =dp (TT"x,T"x) = dp (T"Tx,T"x) 2 odp (Tx,x) < dp (Tx,x),

we obtain that dp (T'x,x) = 0 and hence Tx = x.

To show the uniqueness of fixed point of the mapping 7', let x* be another fixed
point of T, that is, Tx" = x*. In this case, T"x* = x* and so, by hypothesis we obtain

that
dp (x,x") =dp (T"x,T"x") 2 odp (x,x*) < dp (x,x7)

and so x* = x. O

The following example supports Theorem 3.1.

Example 3.5. Let
Xi={y=mei+neeD:y =7,71 >0},
Xo={y=vei+neeD:y =77 >0}
and X = X1 UX,. Define a mapping dp : X x X — D as
Lo —Biler + 3 lou —PBiles, 0B € X,
%\0(1—Bllel—k%]al—[il\ez,oc,BEXz
(Zou+2B1)er+ (30u+4B1)er,0€X,PEXs
(2o +ZB1) e+ (ou + gB1) e2, 0 € X, B € Xy

dp (o, p) =

where 0. = 0e; + Oher, B = Prer + Prea, then (X,dp) is a complete hyperbolic
valued metric space.
Consider a mapping T on X with Y= Y1e1 +Y2e; as

Ty—{ Tier —Tie2, Y€ X,
%el—F%ez,’YGXz )
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In that case,

%|O€1—Bl|6’1+%|0€1 —Bilez2, 0, B € X;
5o —Biler + 1z o — Biler, 0, B € X5
(Zou+5B1)er+ (Fou + &P1) ez, € X1, B € Xo
(Gou+2B1)er+ (ou+2B1) e2, € X2, € X,

loy —Bi]er + oy —Bi]ez, 0, B € X
%|O€1—[31|€1+%|0€1—|31|€2,0€,[3€X2
(o +32B1) er + (o + 3B1) e2, 00 € X1, € Xo
(3ou+Bi)er+ (dou+Pi)er, 0 €X2,pEX

dp (TOC, TB) =

%’Otl—B1‘€1+%‘0C1—B1’€2,06,B€X1

_ <§€1+§ 2) 2 o —Bifer + g lou —Bifex, 0B € X
709 (Zoy+32B1)er + (ou +2B1) er, € Xi,B € X,
(2o 4 2B1) er + (Fou + gB1) e2, 0 € X2, B € X,

= <g€1 + §€2> dp (OL, B) ,
that is, dp (T, TB) < (Sey + Seo) dp (., B) holds for all o, B € X. Thus, the map-
ping T is a hyperbolic contraction mapping since 0 < gel + gez <1 and 1 —
(%el + gez) = %el + éez is invertible. Therefore, T has a fixed point Y= 0 € X,
which is unique.

4. CONCLUDING REMARKS

In this paper, fixed point theorems have been studied for hyperbolic valued met-
ric spaces, as stated in Theorem 3.1 and Theorem 3.2. For the future, firstly, we
will develop common fixed point theorems for hyperbolic valued metric spaces,
later we will define hyperbolic valued S— metric spaces, hyperbolic valued H—
metric spaces and hyperbolic valued G— metric spaces and we will investigate
fixed point theorems and common fixed point theorems for them.
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