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CENTRALIZERS OF SEMIPRIME INVERSE SEMIRINGS

SONIA DOG, D. MARY FLORENCE, R. MURUGESAN AND P. NAMASIVAYAM

ABSTRACT. Let Sbe a 2-torsion free semiprime inverse semiring such that all
elements of the fornx+ X' are in the center o8 We prove that any additive
mappingF : S— Ssatisfying the condition R(xyx) + F (X)yX +XyF(x) = 0 is

a centralizer.

1. INTRODUCTION

By asemiring(S +,-) we mean a nonempty s8twith two binary operations-
and- (called addition and multiplication) such that the multiption is distributive
with respect to the additiortS +) is a semigroup with neutral element 0, &I%]-)
is a semigroup with zero 0, i.e.aB=a0 =0 for allac S If a semigroup(S,-)
is commutative, then we say that a semirfdgs commutative. A semiring is
semiprimeif xSx= 0 impliesx = 0. It is 2-torsion freeif 2x = 0 is possible only
forx=0.

A semiring S is additively inverse(shortly: inversg, if for every a € S there
exists a uniquely determined elema@ht Ssuch that

at+d+a=a and d+a+ad =4. (1.1)
Then, according to [7], for ath, b € Swe have
(ab) =adb=al, (a+b) =b'+a, db'=ab, (d)=a 0=0 (1.2
Moreover, the following implication is valid
a+b=0 implies b=a and at+a =0. (1.3)

An inverse semirinds with commutative addition such that all elements of the
form x+ X are in the centeZ(S) of Sis called anMA-semiring MA-semirings
were introduced in [8] and studied in various directions gngnauthors (see for
example [1], [2], [3], [4], [9], [10] and [11]).
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Nowadays, various types of semirings have many naturaliGgbigins to the
theory of automata, formal languages, optimization thedifferential geometry,
and other branches of applied mathematics (for details §eer [6]). A crucial
role in the investigation of semirings is played by t@mmutatorx,y] = xy+y'x
(defined in inverse semirings) and various types of additiappingsd: S— S
(i.e., endomorphisms of the additive semigroupShf One such mapping is the
left centralizerof S defined as an additive mappitg: S— S such that (xy) =
F(x)y for all x,y € S. A right centralizeris defined as an additive mappifgwith
the propertyF (xy) = xF(y) for all x,y € S A mapping that is a left and right
centralizer is called &entralizer These mappings, sometimes under the name
multipliers, are often studied in nonunital rings of funcial analysis, which are
usually constructed from locally compact groups.

Properties of centralizers in semirings are described 0f &hd [11]. In [12]
conditions under which an additive mapping is a centralaerstudied. Central-
izers, and other additive mappings play an important rolerigs since in some
cases they enforce the commutativity of rings or coincidéhwither important
mappings. Therefore, finding simple conditions under wladditive mappings
are centralizers is a useful activity for those who studgsiand for those who
study semirings.

Results obtained for semirings are in some sense simildretogsults proved
for rings, but the proofs are not similar. Methods that warkrings are not good
for semirings. Therefore, the results proved for semiraigsan essential general-
ization of the results proved for rings.

Motivated by the fact that in a 2-torsion free semiprime rR@ny additive
mappingF such that E(xyx) = F(X)yx+ xyF(x) holds for allx;y € Ris a cen-
tralizer (cf. [13]) we prove an analogous results for 2itmrdree semiprimeéviA-
semirings.

2. OUR RESULT

We start with simple lemmas that will be used in the proof af main theorem.
Lemma 2.1. In any inverse semiring
(i) [y =xy+ (yx)' = xy+yX,
(i) oyl =[xyl =X,y = [y.x,
(i) [X.y] =[xy,
(iv) [x.yX = [xy]x,
V) [xy] = 0implies xy= yx.
The proofs are available in [8].
Lemma2.2. Let S be a semiprime inverse semiring and,a € S such that axb
bxc= 0 holds for all xe S. Thena+ c)xb=0for all x € S.

Lemma 2.2 is proved in [12] foMA-semirings, but it is also valid for inverse
semirings. The proof is the same as in [12].
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Lemma 2.3. In any MA-semiring the following identities
Xy, 2 =Xy, 7+ [x.Zy and [x,y4=y[x,Z+[x Y]z, (2.1)
%4+ (%)) = [x,Zx(x+X) (2.2)
are valid.

Proof. The Jacobi identities (2.1) are proved in [8]. The proof o2]2s straight-
forward. O

Lemma 2.4. In a 2-torsion free semiprime MA-semiring any additive mapping
satisfying the identity F?) + F (x)X = Oiis a left centralizer.

Proof. See the proof of Theorem 2.1 in [12]. d
In a similar way we can prove

Lemma 2.5. In a 2-torsion free semiprime MA-semiring any additive mapping
satisfying the identity B%) +x'F (x) = Ois a right centralizer.

Theorem 2.1. If an additive mapping F defined on ztorsion free semiprime
MA-semiring S satisfies

2F (xyX) + F (x)yX + XyF(x) =0 (2.3)
forall x,y € S, then it is a centralizer.

Proof. The proof will be divided into three parts. First we will shlwat 2F (x%) +
F (X)X +XF(x) = 0, then tha{F (x),x] = 0 and finally we use these facts to prove
thatF is a centralizer.

1. By puttingx = X+ zin (2.3) we obtain
2F (xyz+zyX + F (X)yZ + F(2yX + XyF(2) + ZyF(x) = 0, (2.4)

which forz = x? gives

2F (xy» 4+ x2yxX) + F (X)yxX +xXyF(x) + F(®)yX +XyF(x*) =0.  (2.5)
Replacingy with xy+ yxin (2.3), we get

2F (Pyx+xyX) + F (x)xyX 4 F (X)yxX + xXyF (x) + XyxF(x) =0.  (2.6)
From (2.5), after application of (1.3), we deduce

2F (xy» 4 2yX) + F (X)yxX + XxyF(x) = F (x%)yx+ xyF (x?).
which together with (2.6) implies
(F () + F ()x)yx-+ Xy(F () + XF (x)) = 0.

Takinga=F (x?) + F(x)X, x=y, b=x, c = F(x?) + XF(x) and using Lemma 2.2,
we get
(2F (%) + F(x)X +XF (x)) yx= 0.
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This can be written in more useful form BgXx)yx = 0, where
H(X) = 2F (x*) + F (X)X 4+ XF (x).

ThusxH(x)yxH(x) = 0, which impliesxH(x) = 0. In a similar way, puttingy =
xyH(x) in H(x)yx= 0, we obtairH (x)x= 0. HenceH (x+y)(x+Yy) = 0. Therefore,

H(X)y+ G(x,y)x+H (y)x+ G(x,y)y = O, (2.7)

where

G(x,Y) = 2F (xy+yx) + F(X)Y + F(y)X +XF(y) + YF(X) = H(x+Y).

Applying (1.3) to (2.7), we obtain
H(X)y+G(x,y)x=H¥)X +G(x )y = (Hy)x+G(xy)y)’

becauséH (X') = H(x) andG(X,y) = G(x,y)’. Therefore,

2(H(X)y+G(x,y)x) = (H(X)y+G(x,Y)x) + (H(y)x+G(x,y)y) = 0.
SinceSis a 2-torsion freelH (X)y+ G(x,y)x = 0 must hold, whence, after multipli-

cation on the right by (x), we getH (x)yH(x) = 0. This implies thaH (x) = O for
all x e S ConsequentlyG(x,y) = H(x+y) =0.

2. Now our intention is to prove thaF (x),x] = 0, i.e.,F (X)X = XF(x).
SinceG(x,y) = H(x+y) = 0, fory = 2xyxwe have

2F (2yx+ 2xy») + 2F (X)xyX + 2F (xyX)X + X 2F (xyx) + 2xyXF (x) = 0.

But 2F (xyx) = F(x)yx+ xyF(x), by (2.3) and (1.3). So, the last expression, after
application of (2.5), can be transformed to

2F (Xyx+xy¥) + F (x)xyX 4+ XyxF(x) + xyF(x)X +XF(x)yx=0.  (2.8)

From (2.3) and (1.3) we can also deduce tHat&x) + F (x)yX = xyF(x) and
2F (xyX) + X'yF(x) = F(x)yx. So, (2.8) can be reduced to

F (X)y%¢ + X2yF (X) + xyF(x)X 4+ XF (x)yx= 0. (2.9)
Thus fory = yxwe have
F (X)y5 + X2yxF (X) + xyxF(X)X + X F (x)yx¢ = 0.

This, by (1.3),
F (X)y»E 4+ XF (X)y%é = x2yxXF (X) 4+ XyxF(X)X.

Now, multiplying (2.9) on the right side by and using the last expression, we
obtain

X2Y[F (X),X] 4+ xy[F (x),x]X = 0. (2.10)
From this, by (1.3), we have
X2y[F (x),X] = xy[F (X),X|x. (2.11)
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Puttingy = F(x)y in (2.10) we obtain
X2F ()Y[F (X),%] + XF (x)y[F (x),x = 0.
Multiplying (2.10) on the left by~ (x), we get
F (x)x2y[F (x),X] 4+ F (X)xy{F (x),x]X = 0. (2.12)

Adding these two expressions, we obtain
0= (CF (X)YIF (x),X +XF ()Y[F (%), X% )’ + F ()xCy[F (x),] + F (X)xy{F (x),x]X
= [F () C)YIF (%), X + [x, F ()]Y[F (%), X)x

= X[F (%), XY[F (%), + [F (), XJxy[F (%),5] + [%, F ()]y[F (x),X]x
2N (X)x[F (%), X+ X[F (%), Ky{F (%),%] + XF (x)y{F (), Xx
CEVYF ()xyIF (X)X +X(F (X)x+XF (x))y[F (x),X] + XF (x)Xy[F (x),X]

= (x+X +X)F (x)xy{F (x),X] +xX F (x)y[F (), X
= XF(X)XY[F (x),X] +xXF (x)y[F (x), X

= X(F (x)x+XF (x))y[F (x),X

= X[F (%), X]y[F (), X].

This means that[F (x),x] = 0.
Replacingy by xyin (2.9), we get

F (X)xy»% 4+ XCYF (X) 4+ X2yF (X)X + XF (X)xyx= 0,
which by (1.3) gives
X3YF (X) + X2yF (X)X = F (X)'xy% + XF (X)Xyx
Now, multiplying (2.9) on the left bx and using the last expression, we get
XF (X)y%é + £ (x)/xy»% + XF (X)xyx+ xX F (X)yx = 0,
that can be written as
X, F (X)]y»% 4 X[F (x),x]yx = 0.

Since x[F (x),x] = 0 and [x,y]" = [y,x], from the last expression it follows that
[F(x),X'y® =0, i.e.[F(x),x]y(x*) = 0. Thus, by (1.2),

[F(x),X]y»¢ = 0.
Replacingy by yF(x) and addingF (x), x]y(x?)'F (x) = 0, we obtain
[F (%), XJYF ()x* + [F (x), Xly(x*)'F () = 0,
which is equivalent tdF (x), XJy[F (x),x?] = 0. This, by (2.1), gives
[F (%), X]y([F (x),X}x+X[F (x),X]) = 0.
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But x[F (x),x] = 0, so[F(x),x]y[F (x),x]x = 0. From this, replaciny by xy, we
get[F (x),X|]xy[F (x),x]x = 0, whence applying the semiprimenessSpive deduce
[F(x),x]x = 0.
Now, replacingx by x+y in x[F (x),x] = 0 and using fact that[F (z),z = O for
all ze S, we obtain
X[F (%), Y] +X[F (), +X[F (y), Y] + Y[F (x),X] + Y[F (x),¥] + Y[F (y),X] =0.
SinceF (X') = F(x)’, the above, in view of Lemma 2.1, far= X' has the form
X[F (X), Y] +X[F (y),X] + X[F (y),¥] + Y[F (), 3] + Y[F (X),y] + Y[F (y),X] = 0.
Moreover, in view of (1.3) and Lemma 2.1, from the previousnitity we obtain
X[F (%), Y] +X[F (v),X] + Y[F (X),X] = X[F(y),y] + Y[F (X),y] + Y[F (), X],
which together with the last identity gives
2(X[F (%), Y] +X[F (y), ] +Y[F (x),X])
As Sis 2-torsion free, the last implies
X[F (), Y] +X[F (y), ] +Y[F (x),x] =0
whence, multiplying on the left bjF (x), x|, we obtain
[F (%), XIX[F (%), Y]+ [F (x), XIX[F (y), X] + [F (x), X}y[F (x),x] = O,
i.e., [F(x),x]y[F (x),x] = 0 becauséF (x),x]x = 0. This givegF (x),x] = 0.

3. From[F(x),X] = 0t follows thatF (X)X = X'F (x). Thus 0=H (x) = 2F (x?) +
2F (x)X, and consequently,

F(x)4+F(X)X =F (%) +XF(x)=0

because a semiringis 2-torsion free.
Lemmas 2.4 and 2.5 complete the proof. O

0.
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