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THE LINE GRAPH OF A COMMUTING GRAPH ON THE DIHEDRAL
GROUP Dy,

R. DIVYA AND P. CHITHRA DEVI

ABSTRACT. LetT be a non-abelian group ardC I'. Then the Commuting
graphC(I',a) hasa as its vertex set and two distinct verticestirare adjacent
if they commute with each other in LetG=L(C(I',a)) be the Line graph of
the Commuting graph. A vertex of G is given by{x,y} = {y,x} wherex and

y are the vertices that are adjacent(I",a) . In this paper, we discuss certain
properties of the Line graph of the Commuting graph on theebiial grouD .
More specifically, we obtain the chromatic number, cliguenbar and genus of
this graph.

1. INTRODUCTION

Let G be any graph. Théne graphof G, denotedL (G), is the graph whose
points are the lines o6, with two points ofL (G) adjacent whenever the corre-
sponding lines ofs are adjacent. Various extensions of the concept of a linghgra
have been studied, including line graphs of line graphs, diraphs of multigraphs,
line graphs of hypergraphs and line graphs of weighted graptor any integer
n > 3, the Dihedral groufDa, is given byDoy = (r,s: & =r"=1,rs=sr1).

The line graph of(I",a), denoted byL (C(I',a)) has vertices as the lines of
C(l',a), and two points ofG are adjacent whenever the corresponding lines of
C(I,a) are adjacent. We consider simple graphs which are unditeetth no
loops and multiple edges.

A graph Geconsists of a finite nonempty sét=V (G) of points together with
a prescribed seE of unordered pairs of distinct points Uf Each paire = {u,v}
of points inE is a line of G. We write e = uv and say thati andv are adjacent
points; pointu and linee are incident with each other, as arande. A walkon a
graphG is an alternating sequence of points and lng®:,v1,€,- -+ ,Vn_1,€n, Vn,
beginning and ending with points, in which each line is iecitiwith the two points
immediately preceding and following it. A walk is calledpathif all the points
(and thus necessarily all the lines) are distinct. A graptormectedf every pair
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of points are joined by a path. Thengthof a walk is the number of occurences of
lines in it. Thedegreeof a pointy; in graphG, denoted bydegs (Vi) , is the number
of lines incident withv;. The shortesu — v path is often called geodesic The
diameter diam(G) of a connected grap@ is the length of any longest geodesic.
A cliqueof a graph is a maximal complete subgraph. The maximum siaelfue

in a graphG is called theclique numbenf G and is denoted bg(G) . A colouring

of a graph is an assignment of colors to its points so that moaljacent points
have the same color. Ttehromatic numbelx (G) is defined as the minimum
for which G has an n-colouring. A graph lanar if it can be embedded in the
plane. Thegenusof a simple grapl is the smallest integeg such thaiG can be
embedded into an orientable surfe&g Since the number of vertices In(G) is
the same as the number of edgesanfrom the following theorem we have the
number of vertices it (C (D2, D2n)) .

Theorem 1.1. [4]: For any integer n> 3, let G = C(D2p,D2,) . Then the number
of edges in G

e(G) =
(©) n(”J2r4) otherwise

{n(”;” ifnis odd

The following lemmas are used in the proofs of our main result

Lemma1.1. [3]: (Fundamental Theorem of Graph Thepry
The sum of the degrees of the points of a graph G is twice théawaof lines,

> deg(vi) = 2q.
Lemma1.2. [3]: (Kuratowskis Theorem
A graph is planar if and only if it has no subgraph homeomocpbiks or Kz 3.

Lemma1.3. [3]: For p > 3, the genus of the complete graph is

vk = [ E=32=2).

2. MAIN RESuULTS

Theorem 2.1. Let n> 3 be an odd integer. Let & L (C(D2n,D2n)). Then
i) degs({1,sr'})=2n—2;1<i<n

i) degs({1,r'})=3n—-4;1<j<n-1

i) degs({rkr'})=2n—4;k<l,1<k<n-2and2<l<n-1

Proof. Letn > 3 be an odd integer.

i) The vertex{1, sri}; 1 <i < nis adjacent with each of the vertices of the
form {1,sr'}; j#i,1<j<nand{1,r'};1<t<n-—1 Hencedeg({l,sr})=
(n—1)4+(n—1)=2n—-2for1<i<n.
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iy The vertex{1,r/ }; 1 < j < n—1 s adjacent with each of the vertices of the
form {1,rk}; k#j,n,1<k<n-1{Lsf};1<i<n {rir'};1<I<n-1,
| # j,n. Hencedegs ({1,r'}) = (n—2)+n+(n—2)=3n—4for1<j<n-1

iii) The vertex{r¥,r'} ;k<I,1<k<n-2,2<1 <n-1is adjacent with each of
the vertices of the fordr¥ 1S} ;s#£k I, 1<s<nand{r',r'};t £k, 1<t <n.
Hencedegs({rkr'}) = (n—2)+(n—2) =2n—4fork<1,1<k<n-2and
2<1<n-1. O
Theorem 2.2. Letn> 3 be an even integer. Let S L (C(D2y,D2n)). Then
i) degs({1, sr'} =2n1<i<n
i) deg;({rz sf})=2n1<i<n
i) degs({sr,sf®2})=4;1<i<n
iv) degs({1,r'})=3n—4;j#3,1<j<n-1
v) degs({1,r2})=4n—4
vi) degs({r,r'}) =2n—4;k<1,1<k<n-22<I<n-1kl#n}

vii) degs({rk,r2})=3n—-4k£2,1<k<n-1.
Proof. Letn> 3 be an even integer.

i) The vertex{1,sr'} ; 1 <i < nis adjacent with each of the vertices of the form
{Lst};t#£i,1<t<n {r2,sr}, {sf™2 sf} and{1,ri}; 1< j<n-1 Hence
deg({Lsf})=(n—1)+1+1+(n—1)=2nforl1<i<n

i) The vertex{ rs , sr } ; 1 <i<nisadjacent with each of the vertices of the form
{re,st)t#£i,1<t<n {r2,ri};j#£9 1<j<nand{1,sf}and{sr, si®3}.
Hencedegs({r2,sr'})=(n—1)+(n—1)+1+1=2nfor1<i<n.

iii) The vertex {sr‘,sri@ng}; 1 <i < nis adjacent with each of the vertices
{Lst};t=ii@ndand{rz,st};t=i,i®n]. Hencedegs({sr,sr3}) = 4for
1<i<n.

iv) The vertex{l,rj }; j #3,1< ] <n-1isadjacent with each of the vertices
of the form{L,r'};t # j, 1<t <n—21and{rl,r™}; m# j,1<m<n-1and
{1,sr'}; 1<i<n. Hencedeg;({1,r/})=(n—2)+(n—2)+n=3n—4 for
1<j<n-1landj#3.

v) The vertex{1,r?} is adjacent with each of the vertices of the foftyr™};
m#5 1<m<n-1 {ra,rm}; m#5 1<m<n-1 {ls'};1<i<nand
{rz,sr'};1<i<n Hencedeg({1,r7})=(n—2)+(n—2)+n+n=4n—4.

vi) The vertex{r&r'}; k<1,1<k<n- 2 2<1<n-1 k! #Jis adjacent
with each of the vertices of the forr{wk,rt}; 1<t<n t#kland{r',r'};
1<u<n u#kl. Hencedegs({rr'}) = (n—2)+(n—2) =2n—4fork <1,
1<k<n-22<lI<n-1Kkl#n,3.

vii) The vertex {rk rg} k#3; 1 < k < n—1 is adjacent with each of the
vertices of the form{r¥ r'}; 1<t <n t#k3, {r“,rg}; 1<u<n u#k3
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and{sr,r2}; 1 <i<n. Hencedegs({r*;r2})=(n—-2)+(n—-2)+n=3n-4
fork#3,1<k<n-1 O

Theorem 2.3. Let n> 3 be any integer and let G- L(C(D2n,D2n)). Then the
number of edges in G

n3_n . .

a=-n if nisodd
E(G):{ 3232 2 . .

T2 if nis even

Proof. Casei: nis odd
By the Fundamental theorem of Graph Theory and Theorem 2 hawe

207~ 20+ (n- 1) (3n— 4)+ (M52 1) (2n—4) = 2

3_
= gq="50
Caseii: nis even
By the Fundamental theorem of Graph Theory and Theorem 2 hawe
207 + 207+ 20+ (0 2) (30— 4) + (4n—4) + (=50 (2n - 4) 4
+(n—2)(3n—4) =29
= q= n3+322+2n. 0

Theorem 2.4. Let n> 3 be any integer and let & L(C(D2n,D2n)). Thenw(G) =
X(G)=2n-1.

Proof. Consider the subset

ay = {{l,l’},{l,l’z},-'- 7{l>rn_1} ,{l,sr},{l,srz},--- ,{1,Sl’n}} :

ThenL (C(D2n,01)) is a complete subgraph &f.

Claim: L (C(Dzn,01)) is a clique ofG.

Casei: nis odd

Consider the vertexr¥,r' } ;k<1,1<k<n-2,2<1<n-1 Now {rr'} is not
adjacent with any of 1,sr'}; 1 <i < n. Thus the grapi. (C (Dan, a1 U {r,r'}))
is not complete.

HenceM =L (C(D2p,01)) is a clique ofG, whennis odd andM| = 2n— 1.

Let M; be a maximum clique o6. Let {a,b} and{c,d} be any two vertices
of M;. {a,b} and{c,d} are adjacent whea = c or b = d. Whena = c, there
are 2 — 1 such vertices and whdam= d, there aren— 1 such vertices. Hence
|M1| =2n—1.

Caseii: nis even

Consider the vertexr,r'} ; k<1,1<k<n-—2,2<I<n—1 Now {r&r'} is not
adjacent with any of 1,sr'}; 1 <i < n. Thus the grapt. (C (Dan, a1 U {rk,r'}))
is not complete.

Consider the verteXr2,sri}; 1 <i <n. Now {r,sr'} is not adjacent with any
of {1,r1}; j# 8, 1< j <n-—1 Thus the grapl (C (Dzn,a1U {r2,sr'})) is not
complete.



THE LINE GRAPH OF A COMMUTING GRAPH ON THE DIHEDRAL GROUM2;, 147

Consider the vertesr',sr®2 }; 1 <i <n. Now {sr',sr®2} is not adjacent with
any of{1,r'}; 1< j <n—1. Thus the grapl. (C (Dzn, 01 U {sr,sf%2 1)) is not
complete.

HenceM = L (C(D2n,01)) is a clique ofG, whennis even andM| = 2n— 1.

Let M2 be a maximum clique o6. Let {a b} and{c,d} be any two vertices
of M1. {a,b} and{c,d} are adjacent whea = c or b = d. Whena = c, there
are 2 — 1 such vertices and whdm= d, there aren+ 2 such vertices. Hence
IM2| =2n—1.

Hencew(G) =2n—1.

Claim: x(G)=2n-1

Sincew(G) =2n—1, 2n—1 colours are required to colour the subgraph induced

by a;. Let c(x) denote the colour of the verteswherex € a.

Casei:nisevenf.eti<j,lgign—Zanngjgn—l.Thenassign
o iDn ] ifiLi
c({r',rl}) = c({Lren}) el
c({1,sr'}) ifi+j=n
Let 1<k <n. Then assign
0 ey c({Lsr2®kl) if k45 #£n
C({rz’sr})_{c({l,srg+k}) ifk—|—g:n
and
c({sr,srk®3 1) = c({1,r'}) for anyt € {1,2,3,--- ,n— 1}
Caseii: nis odd
Leti< j,1<i<n—2and2< j<n-1 Then assign

c(o ={ o)

c({Lsr'}) ifi+j=n 0
Theorem 2.5. Let G=L(C(D2n,D2n)), where n> 3is any integer. Then
diam(G) 2 if nisodd

3 otherwise

Proof. Letnbe an odd integer. Ld, b}, {c,d} be any two vertices d&. If {a,b}
and{c,d} are adjacent, then eithar=c ord or b =c or d. Now, suppose€ a, b}
and{c,d} are not adjacent them+# b # ¢ # d. In this case{a, b} is adjacent with
{b,c} which in turn is adjacent witfc,d}. Hence there exists a path of length 2.
Hencediam(G) = 2, whenn is odd.

But whennis even, the vertefr®,r'} ;k<1,1<k<n-22<l<n-1k|#
1 is not adjacent with the verticglsr, sr®2 }; 1 <i < n. In this case{r*,r'} is
adjacent with{r2,r'} ; t = korl which in turn is adjacent witfr2,sr'}; 1<i <n.
Hence there exists a path of length 3. Hed@mn(G) = 3, whennis even. [

Corollary 2.1. Let G=L(C(D2y,0)), wherea is any subset of the vertex set of
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i) Ifnisoddand
oa={{rri} {Ls*}:1<i<n-22<j<n-1 1<k<n},then
diam(G) = co.

i) Ifnis evenand
o= {{rri} {srsf®3}:1<i<n 1< j<n-1},then dian(G) = c.

Theorem 2.6. For n > 3, the line graph G= L (C (D2, D2,)) is non-planar.

Proof. Forn> 3,
the induced subgrapf{ {1,sr}, {1,sr?},{1,sr*} ,{1,r},{1,r?}}) isKs.
Hence by Kuratowski’s Theorer,(C (D2n,D2,)); n > 3 is non-planar. O

Theorem 2.7. For n= 3, the genus of the line graph &L (C(Dg,Dg)) is 1.

Proof. LetG =L (C(Dg,Dsg)).

ThenV (G) = {{1,sr},{1,sr*},{1,sr} ,{Lr},{1,r?} {rr?}}.

The induced subgraph{{1,sr},{1,sr?} ,{1,sr*} {1,r},{1,r?}}) isKs.

By Lemma 1.3y(ks) = 1.

Thusy(G) > 1. On the other hand, we can emb@&dnto S; as shown in figure 2.1.
Thereforey(G) = 1.

Figure 2.1 Il

Theorem 2.8. For n > 3, the lower bound for the genus of the line graph
G =L (C(Dan,Dan)) is | 242511

Proof. LetG =L (C(D2n,D2n)).
Sincew(G) =2n-1, the genus of the grapB will be greater thary(Kzn-1) .

By Lemma 1.4y(Kon_1) = {%1 . Therefore,

(2n—4) (2n—5)"

W@Z{ 12 -
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Theorem 2.9. For n > 3, the upper bound for the genus of the line graph
G=L(C(D2y,D2n))is
3 2 -
[—n(n +2n4813n l‘ﬂ if nis odd

n’-+8n°+2n—56) e
——g—| ifniseven

Proof. LetG =L (C(D2n,D2n)).
Casei: nis odd
Since the number of vertices @ is % and the graph is not complete, the

genus of the grapls will be less than,/(Knmﬂ)) . By Lemma 1.4,y(KM> =
2

2
[(n2+n—6)(n2+n—s)w . Therefore,

43

[ (P +n—6) (n2+n—8)w
¥(G) < 43
Thus, )
n(n®+2n%—13n— 14

Caseii: nis even
Since the number of vertices @ is M and the graph is not complete, the

genus of the grapls will be less thaW(Kn(n+4)> . By Lemma 1.4,y(Kn(n+4)> =
2 2
2 _ 2 _
"(n +4n 621,5(3” +4n 8)-‘ _Therefore,

v(©) < [(n2+4n—6) (n2+4n—8)]

48
Thus,

n(n®+8n? 4 2n— 56)
v(G) = { 8 W -
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