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ON STRONG COMPLETE MONOMIALS AND ITS MULTIPLICATIVE
ANALOGUE OVER FINITE FIELDS

AMELA MURATOVI Ć-RIBIĆ AND SHAIP SURDULLI

ABSTRACT. We present an extended class of complete and strong complete
monomials over a finite field. These monomials can also be viewed as gener-
alized complete and strong complete mappings. In the secondpart of the article
we give basic properties of polynomials induced by completemappings, ortho-
morpisms and strong complete mappings over a multiplicative group of the finite
field.

1. INTRODUCTION

Let (G,∗) be a group. Aθ : G→ G mapping is called a complete mapping over
the group(G,∗) if both θ(x) andθ(x) ∗x are bijections. Aθ : G→ G mapping is
called an orthomorphism if bothθ(x) andθ(x) ∗x−1 are bijections. Aθ : G → G
mapping is called a strong complete mapping if it is the complete mapping and
the orthomorphism. The complete mappings have applicationin a construction of
the mutually orthogonal Latin squares and strong complete mappings are applied
in constructions of the Knut Vic designs, strong starters and group sequences (see
[2]).

Let p be a prime, letm be a positive integer andq = pm. Let (Fq,+, ·) be a
finite field of orderq. When underlying structure is a finite field complete map-
pings and orthomorphisms are considered over the additive group (Fq,+). A per-
mutation f (x) overFq is called a complete mapping iff (x) + x is also permuta-
tion over finite field. A permutationf (x) overFq is called an orthomorphism if
f (x)− x is a permutation overFq. A mapping that is both a complete mapping
and an orthomorphism over a finite field is called a strong complete mapping. It
is known that every mappingθ : Fq → Fq can be represented by a polynomial
f (x) ∈ Fq[x] with deg( f (x)) < q so thatθ(s) = f (s) for everys∈ Fq. This poly-
nomial can be evaluated byf (x) = ∑s∈Fq

[1− (x− s)q−1]θ(s). If the mappingθ
is a bijection overFq then its induced polynomialf (x) is called a permutation
polynomial. The polynomials which correspond to the complete (strong complete)
mappings are called complete (strong complete) polynomials. More details on

2000Mathematics Subject Classification.11T06, 12Y05.
Key words and phrases.finite fields, complete mappings, strong complete mappings.



138 AMELA MURATOVIĆ-RIBIĆ AND SHAIP SURDULLI

complete polynomials over the finite fields can be found in [6], [8], [10] and [11].
In [1] the strong complete mappings were called very complete mappings and
many results were provided on this topic. In [5] generalizedcomplete polyno-
mials motivated by the application for check digit systems are introduced. Here,
there is a requirement for the permutation polynomialsf (x) that all of f (x)±x and
f (2)(x)±x= f ( f (x))±x are also permutation polynomials. Furthermore, we will
use notationf ◦ f = f (2), f ◦ f ◦ f = f (3), ect. LetK = {t1, t2, . . . ,ks} be a set of
positive integers. The mappingf (x) is called a generalizedK -complete mapping
if f (x) andx+∑s

i=1 f (s)(x) are both permutations overFq. In [9] polynomials with

this property of the formf (x) = a−b
n (∑n−1

i=1 xi q−1
n )+ a+b(n−1)

n x were considered.
In this article we extend the class of monomials introduced by Harald Niederre-

iter and Karl H. Robinson [8] and we show that some of these monomials are such
that f (x), f (x)± x and f (x)(2) ± x are all permutations. An advantage of using
monomials is their easy evaluation.

Furthermore, we introduce some basic properties of the polynomials induced by
the complete and the strong complete mappings on the multiplicative group of the
finite field that can be used in combinatorial designs. Even the multiplicative group
of the finite field is cyclic and these type of mappings are wellinvestigated in the
theory of finite groups (see [2] ), here an advantage is in the representation of the
mapping by the polynomial.

2. STRONG COMPLETE MONOMIALS

Let p be a prime, letn be a positive integer and letq = pn, Let Fq be a finite
field of orderq. The classax(q+n−1)/n+bx,q≡ 1(mod n),n≥ 2 of the permutation
polynomials and complete polynomials was considered by Harald Niederreiter and
Karl H. Robinson [8]. Wun-Seng Chou [1] considered strong complete polynomi-
als of this form forn= 2.

We can easily modify results of H. Niederreiter and K.H. Robinson to obtain
the criterion for the strong complete mappings. DefineΨn(x) = x

q−1
n for n|q− 1

(see [8]). We will use the following two results.

Lemma 2.1 (Lemma 1., [8]). If n ≥ 2 is an integer such that q≡ 1 (mod n), then

x
q−n+1

n + bx∈ Fq is a permutation polynomial ofFq if and only if the following
conditions hold:

(i) (−b)n 6= 1
(ii) Ψn((b+ ωi)(b+ ω j)−1) 6= ω j−i for all 0 ≤ i < j < n, whereω is a fixed

primitive n-th root of unity inFq.

Theorem 2.2 (Theorem 4, [8]). If n ≥ 2 is an integer such that q≡ 1 (mod n),

then ax
q−n+1

n + bx∈ Fq is a complete mapping ofFq if and only if the following
conditions hold:



STRONG COMPLETE 139

(i) bn 6= (−a)n, (b+1)n 6= (−a)n

(ii) Ψn((b+aωi)(b+aω j)−1) 6= ω j−i and Ψn((b+1+aωi)(b+1+aω j)−1) 6=
ω j−ifor all 0≤ i < j < n, whereω is a fixed primitive n-th root of unity inFq.

Note thatf (x) is a strong complete mapping if and only if bothf (x) and f (x)−x
are complete mappings. Usingb = 0 andb = −1 in Theorem 4, [8] we directly
obtain the following result.

Theorem 2.3. If n≥ 2 is an integer such that q≡ 1 (mod n), then ax
q−1

n +1, a 6= 0 is
a strong complete mapping polynomial ofFq if and only if the following conditions
hold:

(i) an 6= 1 if n is even, and an 6=±1 if n is odd.
(ii) gcd(q−1

n −1,n) = 1 andΨn((±1+aωi)(±1+aω j)−1) 6= ω j−i for all
0≤ i < j < n, whereω is a fixed primitive n-th root of unity inFq.

Proof. Using b = −1 andb = 0 in (i) of the Theorem 4, [8] we obtain(−1)n 6=
(−a)n, a 6= 0 and 1n 6= (−a)n. If n is even it followsan 6= 1. If n is odd then we
havean 6=±1.

Using b = 0 in (ii) of the Theorem 4, [8] we obtainΨn(ω j−i) 6= ω j−i where

0 ≤ i < j < n what is equivalent withωi q−1
n 6= ωi for all 1 ≤ i < n. As ω is a

primitive n-th root of unity this is possible only ifi q−1
n 6≡ i (mod n) or equivalently

i(q−1
n − 1) 6≡ 0 (mod n) for 1 ≤ i < n. If d = gcd(q−1

n − 1,n) then for i = n
d we

have thati(q−1
n −1)≡ 0 (mod n) and this with 1≤ i implies i = n

d = n , i.e. d = 1.
Also, substitution ofb= 0 andb=−1 impliesΨn((±1+aωi)(±1+aω j )−1) 6=

ω j−i for all 0≤ i < j < n. �

Note that if bothb andb−1 fulfill the Theorem 4, [8] we can obtain conditions
for strong complete binomials of the given form.

Even some researchers considered the monomials of the formf (x) = ax
q−1

n +1

whereq = pm and n is an integer such thatn | q− 1, there are examples of the
strong complete monomials ( and therefore the complete monomials ) of the form

axℓ
q−1

n +1

where 0< ℓ < n which was not mentioned in any literature before.

Example 2.1. For p= q= 73, n= 4, ℓ= 3 and a= 4 polynomial

f (x) = axℓ
q−1

n +1 = 4x373−1
4 +14x55 = 4x3q−1

4 +1,

is a strong complete polynomial.
For p= q= 89, n= 4, ℓ= 3 and a= 8 polynomial g(x) = axℓ

q−1
n +1 = 8x3q−1

4 +1 =
8x67 = is a strong complete polynomial.

Modifying the proof of Lemma 1 in [8] we can easily obtain the following re-
sults.
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Theorem 2.4. Let q= pm, where p is a prime and m is a positive integer. LetFq be

a finite field of order q. Assume that n| q−1. The polynomial f(x) = axℓ
q−1

n +1 ∈

Fq where0 < ℓ < n, gcd(ℓ,n) = 1 and gcd(ℓq−1
n + 1,q− 1) = 1 is a complete

polynomial if

(i) (−a−1)n 6= 1
(ii) Ψn((aωℓi +1)(aωℓ j +1)−1) 6= ω j−i for all 0≤ i < j < n whereω is primitive

n-th root of unity inFq.

Theorem 2.5. Let q= pm, where p is a prime and m is a positive integer. LetFq be

a finite field of order q. Assume that n| q−1. The polynomial f(x) = axℓ
q−1

n +1 ∈Fq

where0< ℓ < n, gcd(ℓ,n) = 1 andgcd(ℓq−1
n +1,q−1) = 1 is a strong complete

polynomial if

(i) (±a−1)n 6= 1
(ii) Ψn((aωℓi ±1)(aωℓ j ±1)−1) 6= ω j−i for all 0≤ i < j < n whereω is primitive

n-th root of unity inFq.

We will show that some of these monomials have property thatf (x), f (x)± x
and f (2)±x are all permutations, i.e.f (2)(x) is also the strong complete mapping.

Indeed, f (x) = ax
q−1

2 +1 is a strong complete mapping ifΨ2(1− a2) = 1 and
4 | q−1. But then

f (2)(x) = a
(

ax
q−1

2 +1)
q−1

2 +1
= a

q−1
2 +2x

q−1
4 (q−1)+(q−1)+1 = a

q−1
2 +2x

which is a strong complete mapping ifa
q−1

2 +2 6= ±1. Since,a
q−1

2 = ±1 it follows
a2 6=±1. But, asΨ2(1−a2) = 1 we have thata2 6= 1. Thus, ifa2 6=−1 then every

strong complete polynomial of the formf (x) = ax
q−1

2 +1 has property thatf (2)(x)
is strong complete polynomial what was required for check digit systems in [5].

Example 2.2. For p= 13, the polynomial f(x) = 2x7 is a strong complete polyno-
mial with f(2)(x) = 9x also being a strong complete polynomial.

Similarly, if n2 | q−1 then for a strong complete polynomial of the formf (x) =

axℓ
q−1

n +1 we have thatf (2)(x) = aℓ
q−1

n +2x2ℓ q−1
n +1 which is a polynomial of the same

form and can be a strong complete polynomial.

Example 2.3. For p= q= 73, n= 3, a= 16 andℓ= 1 polynomial

f (x) = axℓ
q−1

n +1 = 16x25

and f(2)(x) = 37x49 are both a strong complete polynomials.

From the Theorem 2.6. we directly obtain the following result.

Theorem 2.6. Let q= pm where p is a prime and m is a positive integer. LetFq be

a finite field of order q. Assume that n| q−1. The polynomials f(x) = axℓ
q−1

n +1 ∈
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Fq[x], where0 < ℓ < n and gcd(ℓq−1
n + 1,q− 1) = 1, is a strong complete and

f (2)(x) = f ◦ f (x) is also a strong complete if

(i) (±a)n 6= 1, (±a)2n 6= 1.

(ii) Ψn((aωℓi ±1)(aωℓ j ±1)−1) 6= ω j−i andΨn((aℓ
q−1

n +2ω2ℓi ±1)(aℓ
q−1

n +2ω2ℓ j ±
1)−1) 6= ω j−i for all 0≤ i < j < n whereω is primitive n-th root of unity in
Fq.

Note thatn2 | q−1 implies f (3)(x) = a3ℓ q−1
n +3x3ℓ q−1

n +1 and this polynomial can
satisfy conditions of the Theorem 2.6. and it can also be the strong complete poly-
nomial as well asf (4)(x), f (5)(x), . . ..

Open problem: Extend the above results forf (t) for t > 2 andK -complete
mappings.

3. COMPLETE MAPPING OVER MULTIPLICATIVE GROUP OF THE FINITE FIELD

Let ψ be a generator of the multiplicative group(F∗
q, ·) of the finite fieldFq.

Let φ : Zq−1 → Zq−1 be a complete mapping whereZq−1 is the additive group.
Then the mappingf : Fq → Fq defined by

f (ψz) = ψφ(z), f (0) = 0

is a permutation of theFq such that forx= ψz,

x f(x) = ψz+φ(z)

and 0f (0) = 0. Therefore,x f(x) is also a permutation overFq.
Therefore, we can definef : Fq → Fq asa multiplicative complete mapping if

both f (x) andx f(x) are permutations ofFq. The polynomial induced by the mul-
tiplicative complete mapping will be called a multiplicative complete polynomial.

Assume thatf (x) andx f(x) are both permutations overFq. If f (a) = 0 then
a f(a) = 0 = 0 f (0). According to the fact thatx f(x) is the injection it follows
a= 0. Therefore, iff (x) is the multiplicative complete mapping thenf (0) = 0.

Example 3.1. Let q= 23 = 8 and thus q− 1 = 7. Then for fi(x) = cxi , i =
1,2, . . . ,5, c∈ F

∗
8 all mappings fi(x) are multiplicative complete mappings because

both fi(x) = cxi and x fi(x) = cxi+1 are permutation polynomials since gcd(i,7) =
gcd(i +1,7) = 1 for all i = 1,2, . . . ,5.

Theorem 3.1. Assume that f(x) is a multiplicative complete polynomial overFq.
Then the following polynomials are also multiplicative complete:

(a) b f(ax) where a,b∈ F
∗
q.

(b) f (−1)(x).
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Proof.

(a) Clearly,b f(ax) is a permutation polynomial. Asx f(x) is a permutation poly-
nomial we have thatba−1(ax) f (ax) is a permutation polynomial and it follows
thatxb f(ax) is also a permutation polynomial. Thus,b f(ax) is a multiplicative
complete polynomial.

(b) We have thatf (−1)(x) is a permutation polynomial. Sincey f(y) is a permuta-
tion polynomial, using a substitutiony= f (−1)(x) we obtain thatf (−1)(x)x is a
permutation polynomial. �

In [8] it was shown that complete polynomials over finite fiedls are of the degree
≤ q−3. For the multiplicative complete polynomials over finite fields we have the
same degree bound.

Theorem 3.2. Let f(x) be a multiplicative complete polynomial overFq. Then its
reduced degree is≤ q−3.

Proof. It is known that the permutation polynomials over finite fields are of the
degree< q−1. But then deg(x f(x)) = 1+deg( f (x))< q−1 and thus deg( f (x))<
q−2. �

This bound cannot be improved since inF8, f (x) = x5 is multiplicative complete
polynomial.

It is well known that there are permutation polynomials overfinite fields of the
form xrΨ(x) where gcd(r,q−1) = 1 (see [7], pages 221-223 ). If both gcd(r,q−
1) = 1 and gcd(r +1,q−1) = 1 then we obtain multiplicative complete mappings
of this form. If q is odd then 2|q−1 and 2 divides one of the numbersr or r +
1 and condition gcd(r,q− 1) = 1 and gcd(r + 1,q− 1) = 1 can not be satisfied.
Therefore, we can consider permutation polynomials of thisform only for the fields
of characteristicp= 2.

Analogously, we can define the multiplicative strong complete mapping over
finite field adn its induced polynomial. We say that a polynomial f (x) is amulti-
plicative strong complete polynomial if all f (x), x f(x) andxq−2 f (x)(= x−1 f (x))
are permutation polynomials overFq.

If θ : Zq−1 → Zq−1 is a strong complete mapping andψ a generator of the mul-
tiplicative groupF∗

q then a mappingf : Fq → Fq defined by

f (ψz) = ψθ(z) and f (0) = 0

is multiplicatively strong complete.
Every strong complete mappingf (x) is also a complete mapping. Thus, we have

that f (0) = 0 and degf (x) ≤ q−3. It is evident that this bound cannot be reduced
since f (x) = x5 is a multiplicative strong complete overF8. Also, deg( f (x)) ≥ 2.
From the theory of Knut Vic designs ( see [2] ) it follows that if there is a strong
complete mapping onF∗

q then gcd(6,q−1) = 1 and thus multiplicative strong com-
plete mappings can be defined over the fields of characteristic p= 2 where 36 |q−1.
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A permutation polynomial of the formxrΨ(x) where gcd(r,q−1) = 1 is a multi-
plicative strong complete if it holdsgcd(r −1,q−1) = gcd(r +1,q−1) = 1.

Theorem 3.3. Assume that f(x) is a multiplicative strong complete polynomial
overFq. Then the following polynomials have the same property:

(a) b f(ax) where a,b∈ F
∗
q.

(b) f (−1)(x)

Proof.

(a) We showed thatb f(ax) andxb f(ax) are permutation polynomials. Since
ba(ax)−1 f (ax) is a permutation polynomial it follows thatx−1b f(ax) is also
the permutation polynomial. Thus,b f(ax) is a multiplicative strong complete
polynomial.

(b) We showed thatf (−1)(x) andx f(−1)(x) are permutation polynomials. As
y−1 f (y) is a permutation polynomial, while using the substitutiony= f (−1)(x),
we obtain that( f (−1)(x))−1x is a permutation polynomial. But then
[( f (−1)(x))−1x]−1 = x−1 f (−1)(x) is also a permutation polynomial. �

The theory of complete and strong complete mappings over thecyclic group of
orderq−1 whereq= pn (wherep= 2 and 36 |q−1 for the strong complete map-
pings) can be improved by finding some new classes of multiplicative complete
and multiplicative strong complete polynomials over finitefields and this topic de-
serves further research.

Open problem: Find new classes of multiplicative complete and multiplicative
strong complete polynomials over finite fields.

Results in this article were partially presented on the Carleton Finite Fields
Workshop, May 21-24, 2019.
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