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ABSTRACT. In this paper are introduced the notions of a quasi-asympto-tically
almost periodic distributions and quasi-asymptotically almost periodic ultradis-
tributions with values in a Banach space, as well as some other generalizations
of these concepts. Furthermore, some applications of the introduced concepts in
the analysis of systems of ordinary differential equationsare provided.

1. INTRODUCTION AND PRELIMINARIES

The main goal of this paper is the selection and structural analysis of various
classes of almost and asymptotically almost periodic or automorphic distributions
and ultradistributions.
The concept of almost periodicity was introduced in [3] and later this theory is
generalized by many other mathematicians. We putI = R or I = [0,∞), and f :
I → X be continuous function. Givenε > 0, we callτ > 0 anε-period for f (·) iff

‖ f (t + τ)− f (t)‖ ≤ ε, t ∈ I .

The set constituted of allε-periods for f (·) is denoted byϑ( f ,ε). It is said that
f (·) is almost periodic, (AP) for short, iff for eachε > 0 the setϑ( f ,ε) is relatively
dense inI , which means that there existsl > 0 such that any subinterval ofI of
lengthl meetsϑ( f ,ε). The vector space consisting of all almost periodic functions
is denoted byAP(I : X).

The notion of a scalar-valued asymptotically almost periodic ((AAP) in short)
distribution has been introduced by I. Cioranescu in [12], while the notion of
a vector-valued (AAP) distributions has been considered byD. N. Cheban [9]
following a different approach (see also I. K. Dontvi [14] and A. Halanay, D.
Wexler [15]). Some contributions have been also given by B. Stanković [29]- [30].

In our recent joint research study [26], we have analyzed thenotions of an
almost automorphic ((AAut) in short) distributions and an almost automorphic
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(AAut) ultradistributions in Banach space; the notion of an(AP) ultradistribu-
tion in Banach space has been recently analyzed by M. Kostić[24] within the
framework of Komatsu’s theory of ultradistributions, withthe corresponding se-
quences not satisfying the condition (M.3); see also the papers by I. Cioranescu
[11] and M. C. Gómez-Collado [17] for first results in this direction. As men-
tioned in the abstract, the main aim of this paper is to introduce the notions of a
quasi-asymptotically almost periodic ((Q-AP) in short) (ultra)distribution in Ba-
nach space, as well as to provide some applications in the qualitative analysis
of vector-valued (ultra)distributional solutions to systems of ordinary differential
equations (the notion of a (Q-AP) ultradistribution seems to be not considered else-
where even in scalar-valued case). In such a way, we expand and contemplate the
results obtained in [5]- [6], [9], [10]- [12], [14]- [15] and[29]- [30]; see also [33]-
[34] for some other results about the existence and uniqueness of various types of
generalized (AP) solutions of nonlinear Volterra integro-differential equations.

The organization of paper is briefly described as follows. After giving some pre-
liminary results and definitions from the theory of vector-valued ultradistributions
(Subsection 1.1), in Section 2 we analyze the notions of (Q-AP) and Stepanov
p-quasi-asymptotically almost periodic ((SpQ-AAP) in short) vector-valued (ul-
tra)distributions. Here, we recognize the importance of condition T ∗ ϕ ∈ (Q−
AP)(R : X), ϕ ∈ D for a bounded vector-valued distributionT ∈ D ′

L1(X), in con-
trast with the considerations of I. Cioranescu [12] and C. Bouzar, F. Z. Tchouar [5],
where the above inclusions are required to be valid only for the test functions be-
longing to the spaceD0. The main result of paper is Theorem 3.9, where we state an
important structural characterization for the class of (Q-AP) vector-valued ultradis-
tributions. The last section of paper is reserved for certain applications to systems
of ordinary differential equations in distribution and ultradistribution spaces.

The standard notation is used throughout the paper. By(X,‖ · ‖) we denote
a non-trivial complex Banach space. The abbreviationsCb(I : X) andC(K : X),
whereK is a non-empty compact subset ofR, stand for the spaces consisting of
all bounded continuous functionsI 7→ X and all continuous functionsK 7→ X, re-
spectively. Both spaces are Banach endowed with sup-norm. By C0([0,∞) : X) we
denote the closed subspace ofCb([0,∞) : X) consisting of functions vanishing at
plus infinity.

We say that a continuous functionf : R → X is (AAP) iff there is a function
q ∈ C0([0,∞) : X) and an (AP) functiong : R → X such thatf (t) = g(t) + q(t),
t ≥ 0. By AAP(R : X),we denote the vector space consisting of all (AAP) functions.
See [9], [13]- [14], [18], [23], [33] and references cited therein for more details on
the subject.
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Let 1≤ p < ∞. Then we say that a functionf ∈ Lp
loc(R : X) is Stepanovp-

bounded,Sp-bounded shortly, iff

‖ f‖Sp := sup
t∈R

(∫ t+1

t
‖ f (s)‖p ds

)1/p

< ∞.

The spaceLp
S(R : X) consisted of allSp-bounded functions becomes a Banach

space equipped with the above norm. A functionf ∈ Lp
S(R : X) is said to be

Stepanovp-almost periodic, (Sp-AP) shortly, iff the functionf̂ :R→ Lp([0,1] : X),
defined by

f̂ (t)(s) := f (t +s), t ∈R, s∈ [0,1]

is almost periodic. Following H. R. Henrı́quez [16], we say that a functionf ∈
Lp

S(R : X) is Stepanovp-asymptotically almost periodic, (Sp-AAP) shortly, iff there
are two locallyp-integrable functionsg : R→ X andq : [0,∞)→ X satisfying the
following conditions:

(i) g(·) is (Sp-AP),
(ii) q̂(·) belongs to the classC0([0,∞) : Lp([0,1] : X)),
(iii) f (t) = g(t)+q(t) for all t ≥ 0.

By AAPSp(R : X) we denote the space consisting of all (Sp-AAP) functions.
The notion of an almost automorphic function (AAut) on topological group was

introduced and further analyzed in the landmark papers by W.A. Veech [31]- [32]
between 1965 and 1967. For more details about (AP) and (AAut)functions with
values in Banach spaces, we refer the reader to the monographs [13] by T. Diagana
and [18] by G. M. N’Guérékata.

Following [25], we can recall the definition of (Q-AP) functions. Let we suppose
that I = [0,∞) or I = R. It is said that a bounded continuous functionf : I → X is
(Q-AP) iff for eachε> 0 there exists a finite numberL(ε)> 0 such that any interval
I ′ ⊆ I of lengthL(ε) contains at least one numberτ ∈ I ′ satisfying that there exists
a finite numberM(ε,τ)> 0 such that

‖ f (t + τ)− f (t)‖ ≤ ε, providedt ∈ I and|t| ≥ M(ε,τ). (1.1)

We denote byQ−AP(I : X) the set consisting of all (Q-AP) functions fromI into
X. It is not relevant whether we write (1.1) or‖ f (t +τ)− f (t)‖≤ ε, providedt ∈ I ,
|t| ≥ M(ε,τ) and|t + τ| ≥ M(ε,τ). So, we can easily seen that the classAAP(I : X)
is contained in the classQ−AAP(I : X), since the numberM depends only onε
and not onτ for (AAP) functions. Further, we will use the shorthand:
(S): ”there exists finite numberL(ε)> 0 such that any intervalI ′ ⊆ I of lengthL(ε)
contains at least one numberτ ∈ I ′ satisfying that there exists a finite number”.

Let f ∈ Lp
S(I : X). It is said thatf (·) is (Sp-Q-AP), iff for eachε > 0 there exists

a finite numberL(ε) > 0 such that any intervalI ′ ⊆ I of lengthL(ε) contains at
least one numberτ ∈ I ′ satisfying that there exists a finite numberM(ε,τ)> 0 such
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that
t+1∫

t

‖ f (s+ t)− f (s)‖p ds≤ εp, providedt ∈ I , |t| ≥ M(ε,τ). (1.2)

Denote bySpQ−AP(I : X) the set consisting of all (Sp-Q-AP) functions fromI
into X. From the definition, follows thatQ−AP(I : X) ⊆ SpQ−AP(I : X). This
inclusion is strict, since the functionf (t) = χ[−1,∞)(t), t ∈R is in SpQ−AP(R : X)
but not in classQ−AP(R : X), becausef (·) is not continuous. Furthermore, any
(Sp-AAP) is (Sp-Q-AP), soSpAAP(I : X)⊆ SpQ−AP(I : X). If 1 ≤ p< p′ < ∞,
thenSp′Q−AP(I : X)⊆ SpQ−AP(I : X) and for every functionf ∈ Lp

S(I : X), we
have thatf (·) is (Sp-Q-AP) iff the function f̌ : I → Lp([0,1]) defined byf̌ (t)(s) =
f (t +s) is (Q-AP).

Let us recall that a continuous functionf : I → X is said to be (AAut) i for every
real sequence(bn) there exist a subsequence(an) of (bn) and a mapg : I → X such
that limn→∞ f (t +an) = g(t) and limn→∞ g(t −an) = f (t), pointwise fort ∈ I . The
space of all automorphic functionsf : I → X will be denoted byAA(I : X).

A bounded continuous functionf : I → X is said to be (AAAut) if there exist
two functionsh ∈ AAut(I : X) andq ∈ C0(I : X) such thatf = h+ q on I . The
notion of Stepanovp-almost automorphy(Sp-AAut) has been introduced by G. M.
N’Guérékata and A. Pankov in [19]: A functionf ∈ Lp

loc(I : X) is called (Sp-AAut)
iff for every real sequence(an), there exists a subsequence(ank) and a function
g∈ Lp

loc(I : X) such that

lim
k→∞

∫ t+1

t

∥

∥

∥
f
(

ank +s
)

−g(s)
∥

∥

∥

p
ds= 0

and

lim
k→∞

∫ t+1

t

∥

∥

∥
g
(

s−ank

)

− f (s)
∥

∥

∥

p
ds= 0

for eacht ∈ I . The vector space of all (Sp-AAut) functions will be denoted by
SpAAut(I : X). A function f ∈ Lp

loc(I : X) is called (Sp-AAAut) iff there exists an
(Sp-AAut)function g(·) and a functionq∈ Lp

S(I : X) such thatf (t) = g(t)+q(t),
t ≥ 0 andq̂∈C0(I : Lp([0,1] : X)). The vector space consisting of all (Sp-AAAut)
functions will be denoted bySpAAAut(I : X).

Concerning distribution spaces, we will use the following elementary notion (cf.
L. Schwartz [28] for more details). ByD(X) = D(R : X) we denote the Schwartz
space of test functions with values inX, byS(X)= S(R : X) we denote the space of
rapidly decreasing functions with values inX, and byE(X) = E(R : X) we denote
the space of all infinitely differentiable functions with values inX; D ≡ D(C),
S ≡ S(C) andE ≡ E(C). HereS(C) denotes the space of complex valued rapidly
decreasing functions onR. The same forE(C) andD(C). The spaces of all linear
continuous mappings fromD, S andE into X will be denoted byD ′(X), S ′(X)
andE ′(X), respectively. SetD0 := {ϕ ∈ D : supp(ϕ)⊆ [0,∞)}.
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1.1. Vector-valued ultradistributions

In this section the approach of Komatsu to the vector-valuedultradistributions
will be followed, with the sequence(Mp) of positive real numbers satisfyingM0 =
1 and the following conditions: (M.1):M2

p ≤ Mp+1Mp−1, p ∈ N, (M.2): Mp ≤

AHpsup0≤i≤pMiMp−i , p ∈ N, for someA, H > 1, (M.3’): ∑∞
p=1

Mp−1

Mp
< ∞. Any

use of the condition
(M.3): supp∈N ∑∞

q=p+1
Mq−1Mp+1

pMpMq
< ∞, which is slightly stronger than (M.3′), will be

explicitly emphasized.
Let us recall that the Gevrey sequence(p!s), s> 1, satisfies the above conditions.

Setmp := Mp

Mp−1
, p∈ N.

The space of Beurling, resp., Roumieu ultradifferentiablefunctions, is defined

by D(Mp) := indlimK⋐⋐RD
(Mp)
K , resp.,D{Mp} := indlimK⋐⋐RD

{Mp}
K , where

D
(Mp)
K := projlimh→∞D

Mp,h
K , resp.,D

{Mp}
K := indlimh→0D

Mp,h
K ,

D
Mp,h
K :=

{

φ ∈C∞(R) : suppφ ⊆ K, ‖φ‖Mp,h,K < ∞
}

and

‖φ‖Mp,h,K := sup

{

hp|φ(p)(t)|
Mp

: t ∈ K, p∈ N0

}

.

Henceforward, the asterisk∗ is used to denote both, the Beurling case(Mp) or the
Roumieu case{Mp}. SetD∗

0 := {ϕ ∈ D∗ : supp(ϕ)⊆ [0,∞)}. The space consisted
of all continuous linear functions fromD∗ into X, denoted byD ′∗(X) := L(D∗ : X),
is said to be the space of allX-valued ultradistributions of∗-class. We also need the
notion of spaceE∗(X), defined asE∗(X) := indlimK⋐⋐RE∗

K(X), where in Beurl-

ing caseE
(Mp)
K (X) := projlimh→∞E

Mp,h
K (X), resp., in Roumieu caseE

{Mp}
K (X) :=

indlimh→0E
Mp,h
K (X), and

E
Mp,h
K (X) :=

{

φ ∈C∞(R : X) : sup
p≥0

hp‖φ(p)‖C(K:X)

Mp
< ∞

}

.

The space consisting of all linear continuous mappingsE∗(C)→ X is denoted by
E ′∗(X); E ′∗ := E ′∗(C). NotationE(C) means that we consider ultradifferentiable
functions onR with values inC. An entire function of the formP(λ) = ∑∞

p=0apλp,
λ ∈ C, (ap are complex numbers as well) is of class(Mp), resp., of class{Mp},
if there existl > 0 andC > 0, resp., for everyl > 0 there exists a constantC > 0,
such that|ap| ≤Clp/Mp, p∈ N ( [20]). The corresponding ultradifferential oper-
atorP(D) = ∑∞

p=0apDp is said to be of class(Mp), resp., of class{Mp}; it acts as
a continuous linear operator between the spacesD∗ andD∗ (D ′∗ andD ′∗). The
convolution of Banach space valued ultradistributions andscalar-valued ultradif-
ferentiable functions of the same class will be taken in the sense of considerations
given on page 685 of [22]. Let remind ourselves that, for every f ∈ D ′∗(X) and
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ϕ ∈ D∗, we have f ∗ ϕ ∈ E∗(X) as well as that the linear mappingϕ 7→ · ∗ ϕ :
D ′∗(X)→ E∗(X) is continuous. The convolution of anX-valued ultradistribution
f (·) and a scalar-valued ultradistibutiong∈ E ′∗ with compact support, defined by
the identity〈 f ∗g,φ〉 = 〈 f , ǧ∗ φ〉, where ˇg(x) = g(−x) andφ is a test function in
D∗, is anX-valued ultradistribution and the mappingg∗ · : D ′∗(X) → D ′∗(X) is
continuous. Set〈Th,ϕ〉 := 〈T,ϕ(·−h)〉, T ∈ D ′∗(X), ϕ ∈ D∗ (h> 0). We will use
a similar definition for vector-valued distributions.

Assume that the sequence(Mp) satisfies (M.1), (M.2) and (M.3). Then

Pl (x) =
(

1+x2) ∏
p∈N

(

1+
x2

l2m2
p

)

,

resp.

Prp(x) =
(

1+x2) ∏
p∈N

(

1+
x2

r2
pm2

p

)

,

defines an ultradifferential operator of class(Mp), resp., of class{Mp}; here,(rp)
is a sequence of positive real numbers tending to infinity. The family consisting
of all such sequences will be denoted by R henceforth. For more details on the
subject, the reader may consult [20]- [22].

The spaces of tempered ultradistributions of Beurling, resp., Roumieu type, are
defined by S. Pilipović [27] as duals of the corresponding test spaces

S
(Mp) := projlimh→∞S

Mp,h, resp., S
{Mp} := indlimh→0S

Mp,h,
where

S
Mp,h :=

{

φ ∈C∞(R) : ‖φ‖Mp,h < ∞
}

(h> 0),

‖φ‖Mp,h := sup

{

hα+β

MαMβ
(1+ t2)β/2|φ(α)(t)| : t ∈ R, α, β ∈ N0

}

.

2. QUASI-ASYMPTOTICAL ALMOST PERIODICITY OF VECTOR-VALUED

DISTRIBUTIONS

We refer the reader to [5], [10] and [26] for the basic resultsabout vector-valued
(AP) distributions. Let 1≤ p ≤ ∞. Then byDLp(X) we denote the vector space
consisting of all infinitely differentiable functionsf : R → X satisfying that for
each numberj ∈N0 we havef ( j) ∈ Lp(R : X). The Fréchet topology onDLp(X) is
induced by the following system of seminorms

‖ f‖k :=
k

∑
j=0

∥

∥ f ( j)
∥

∥

Lp(R)
, f ∈ DLp(X)

(

k∈ N
)

.

If X =C, then the above space is simply denoted byDLp. A linear continuous map-
ping f : DL1 → X is said to be a boundedX-valued distribution; the space consi-
sting of such vector-valued distributions will be denoted by D ′

L1(X). Endowed with
the strong topology,D ′

L1(X) becomes a complete locally convex space. For every
f ∈ D ′

L1(X), we have thatf|S : S → X is a temperedX-valued distribution ( [24]).



(Q-AP) VECTOR-VALUED GENERALIZED FUNCTIONS 187

The space of bounded vector-valued distributions tending to zero at plus infinity,
B′
+,0(X) for short, is defined by

B′
+,0(X) :=

{

T ∈ D
′
L1(X) : lim

h→+∞

〈

Th,ϕ
〉

= 0 for all ϕ ∈ D

}

.

It can be simply verified that the structural characterization for the spaceB′
+,0(C),

(scalar valued case usually we will denote byB′
+,0) proved in [12, Proposition 1],

is still valid in vector-valued case as well that the spaceB′
+,0(C) is closed under

differentiation.
Let T ∈ D ′

L1(X). Then the following assertions are equivalent ( [26]):

(i) T ∗ϕ ∈ AP(R : X), ϕ ∈ D, resp.,T ∗ϕ ∈ AA(R : X), ϕ ∈ D.
(ii) There exist an integerk∈ N and (AP), resp. (AAut) functions

f j(·) : [0,∞)→ X (1≤ j ≤ k) such thatT = ∑k
j=0 f ( j)

j .

We say that a distributionT ∈ D ′
L1(X) is (AP), resp. (AAut), ifT satisfies any

of the above two equivalent conditions. ByB′
AP(X), B′

AA(X) we denote the space
consisting of all (AP), resp. (AAut), distributions.

Definition 2.1. A distribution T∈ D ′
L1(X) is said to be (AAP), resp. (AAAut), if

there exist an (AP), resp. (AAut), distribution Tap ∈ B′
AP(X), resp. Taa ∈ B′

AA(X),
and a bounded distribution tending to zero at plus infinity Q∈ B′

+,0(X) such that
〈T,ϕ〉= 〈Tap,ϕ〉+ 〈Q,ϕ〉, ϕ ∈ D0, resp.〈T,ϕ〉= 〈Taa,ϕ〉+ 〈Q,ϕ〉, ϕ ∈ D0.

By B′AAP(X), resp. B′AAAut(X), we denote the vector space consisting of all
(AAP), resp. (AAAut) distributions.

It is well known that the representationT = Tap+Q is unique in almost periodic
case.

Definition 2.2. A distribution T∈ D ′
L1(X) is said to be (Q-AP) distribution if

T ∗ϕ ∈ Q−AP(R : X), for all ϕ ∈ D. The space of all (Q-AP) distributions will be
denoted byD ′

Q−AP(X).

Theorem 2.1. The following statements hold:

i) D ′
Q−AP(X)∩D ′

AAAut(X) = D ′
AAP(X);

[D ′
AAAut(X)\D ′

AAP(X)]∩D ′
Q−AP(X) = /0;

ii) D ′
AA(X)∩D ′

Q−AAP(X) = D ′
AP(X).

Proof. The proof use the same arguments like in [25]. For completeness, we will
give in sequel.
Let we consider only the case whenI = R. The other caseI = [0,∞) is analogous.
SinceD ′

AAP(X) ⊆ D ′
AAAut(X)∩D ′

Q−AP(X), we will prove the opposite inclusion.
Let T ∈ D ′

AAAut∩ D ′
Q−AP(X) and ϕ ∈ D is arbitrary. ThenT ∗ ϕ ∈ AAAut(R :

X)∩Q−AP(R : X). SinceT ∗ϕ ∈ AAAut(R : X), there exist two functionsf ∈
AAut(R : X) andg∈ C0(R : X), such thatT ∗ϕ = f +g onR and for everyε > 0,
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(S) holds and there exists a numberM(ε,τ)> 0 such that

‖( f (t + τ)− f (t))+ (g(t + τ)−g(t))‖ ≤ ε, for t ∈ R and |t| ≥ M(ε,τ). (2.1)

Let ε > 0 be fixed and the real numberτ satisfies (2.1) for|τ| ≥ M(ε,τ). By g ∈
C0(R : X), there exists a finite numberM1(ε,τ) ≥ M(ε,τ) such that‖g(t + τ)−
g(t)‖ ≤ ε

2 for t ∈R, |t| ≥M1(ε,τ). We define the functionF : R→ X, F(t) = f (t+
τ)− f (t), t ∈ R. The spaceAAut(R : X) is translation invariant,F ∈ AAut(R : X).
Using supremum formula, we have

sup
t∈R

‖F(t)‖ = sup
t≥M1(ε,τ)

‖F(t)‖= sup
t≥M1(ε,τ)

‖ f (t + τ)− f (t)‖ ≤
ε
2
.

So,‖ f (t + τ)− f (t)‖ ≤ ε
2 for all t ∈ R, so f is (AP) function. Hence,D ′

AAP(X)⊆
D ′

Q−AP(X), so the equation in(i) holds. The equation in(ii), follows from the
proof of (i). �

Definition 2.3. Let ω ∈ I.

a) A bounded continuous function f: I → X is said to be asymptoticallyω-almost
periodic ((AApω) in short) if there exist a function g∈ Cω(I : X) and a function
q∈ C0(I : X) such that f(t) = g(t)+q(t) for all t ∈ I;

b) A bounded continuous function f: I → X is said to be S-asymptoticallyω-
periodic ((S−APω) in short) if lim|t|→∞ ‖ f (t +ω)− f (t)‖ = 0. Denote by S−
APω(I : X) the space consisting of all such functions;

c) A Stepanov p-bounded function f(·) is said to be Stepanov p-asymptotically
ω-periodic ((Sp−APω) in short) if

lim
|t|→∞

t+1∫

t

‖ f (s+ω)− f (s)‖p ds= 0.

The space of all (Sp−APω) functions is denoted by Sp−APω(I : X). Note that
S−APω(I : X)⊆ Sp−APω(I : X).

Definition 2.4. Let ω ∈ I and T∈ D ′
L1(X).

a) A distribution T is said to be (AApω) if T ∗ϕ ∈ AAPω(I : X) for everyϕ ∈ D.
The space of all asymptoticallyω-almost periodic distributions is denoted by
D ′

AAPω
(X).

b) A distribution T is said to be (Sp −APω) if T ∗ϕ ∈ Sp −APω(I : X) for every
ϕ ∈ D. The space of all (Sp−APω) distributions is denoted byD ′

Sp−APω
(X).

c) A distribution T is said to be (S−APω) if T ∗ ϕ ∈ S−APω(I : X), for every
ϕ ∈ D. The space of all (S−APω) distributions is denoted byD ′

S−APω
(X).

d) A distribution T is said to be (Sp−AAAut) if T∗ϕ ∈Sp−AAAut(I : X), for every
ϕ ∈ D. The space of all (Sp−AAAut) distributions is denoted byD ′

SpAAA(X).
e) A distribution T is said to be (Sp−AAut) if T∗ϕ ∈ Sp−AAut(I : X), for every

ϕ ∈ D. The space of all (Sp−AAut) distributions is denoted byD ′
Sp−AAut(X).
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Definition 2.5. Let T∈ D ′
L1(X).

a) A distribution T is said to be (SpQ−AP) if T ∗ϕ ∈ SpQ−AP(I : X), for every
ϕ ∈ D. The space of all (SpQ−AP) distributions is denoted byD ′

SpQ−AP(X).
b) A distribution T is said to be (SQ−Pω) if T ∗ϕ ∈ SQ−APω(I : X), for every

ϕ ∈ D. The space of all (SQ−Pω) distributions is denoted byD ′
SQ−APω

(X).
c) A distribution T is said to be (Q−APω) if T ∗ϕ ∈ Q−APω(I : X), for every

ϕ ∈ D. The space of all (Q−APω) distributions is denoted byD ′
Q−APω

(X).
d) A distribution T is said to be (SpQ−APω) if T ∗ϕ ∈SpQ−APω(I : X), for every

ϕ ∈ D. The space of all (SpQ−APω) distributions is denoted byD ′
SpQ−APω

(X).
e) A distribution T is said to be (SpQ−AP) if T ∗ϕ ∈ SpQ−AP(I : X), for every

ϕ ∈ D. The space of all (SpQ−AP) distributions is denoted byD ′
SpQ−AP(X).

The next theorem follows from [25, Proposition 2.7].

Theorem 2.2. Let ω ∈ I. It holdsD ′
S−APω

(X)⊆ D ′
Q−AP(X).

Proof. Let ε > 0 be given andT ∈ D ′
S−APω

(X) . TakeL(ε) = 2ω. Then for any
interval I ′ ⊆ I of lengthL(ε) contains a numberτ = nω > 0 such that

‖T ∗ϕ(t +ω)−T ∗ϕ(t)‖<
ε

2ω
, for |t| ≥ M(ε,n).

Hence,

‖T ∗ϕ(t+nω)−T ∗ϕ(t)‖ ≤
n−1

∑
k=0

‖ f (t + τ−kω)− f (t+ω− (k+1)ω)‖ ≤
nε
nω

= ε,

for |t| ≥ M(ε,n)+nω, so the conclusion of the theorem follows. �

Theorem 2.3. Let ω ∈ I. Then

D
′
S−APω(X)∩D

′
AAAut(X)⊆ D

′
APω(X).

Proof. Let T ∈ D ′
S−APω

(X)∩D ′
AAAut(X)⊆ D ′

APω
(X) andϕ ∈ D. Then by the defi-

nitions ofD ′
S−APω

(X) andD ′
AAAut(X), T ∗ϕ ∈S−APω(I : X)∩AAAut(I : X). Since,

T ∗ϕ ∈ AAAut(I : X), there existg∈ AAut(I : X) andh∈ C0([0,∞) : X) such that
T ∗ϕ = g+ h. It is suffices to prove thatg ∈ Pω(I : X). Since,C0([0,∞) : X) ⊆
S−APω(X) it follows thatg= T ∗ϕ−h∈ S−APω(X). Hence,

lim
t→∞

‖g(t +ω)−g(t)‖= 0. (2.2)

Now, sinceg is (AAut), we can find a subsequence(tk) of (tn) such that for all
t ∈ R,

lim
m→∞

lim
k→∞

g(t +ω− tnk − tnm)−g(t + tnk − tnm) = g(t +ω)−g(t).

From (2.2) and limk→∞(tnk − tnm) = +∞, we have

lim
k→∞

g(t +ω+ tnk − tnm)−g(t + tnk − tnm) = 0,

for all t ∈ I sog(t +ω)−g(t) = 0, for all t ∈ I . This impliesg(t +ω)−g(t) = 0
for all t ∈ I , so the proof is finished. �
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Now, using the technique in the previous result we can give the following:

Theorem 2.4. The following statements hold:

i) D ′
Sp−AAAut(X)∩D ′

SpQ−AP(X) = D ′
Sp−AAP(X)

[D ′
Sp−AAAut(X)\D ′

Sp−AAP(X)]∩D ′
SpQ−AP(X) = /0;

ii) D ′
Sp−AAut(X)∩D ′

SpQ−AP(X) = D ′
Sp−AP(X).

The proof is quit similar like of Theorem 2.3, so we omit it.

Theorem 2.5. It holds thatD ′
Sp−APω

(X)⊆ D ′
SpQ−AP(X).

Theorem 2.6. Let T∈ D ′
L1(X). The then following holds:

i) Let T ∈ D ′
Q−AP(X), resp., T∈ D ′

SpQ−AP(X). Then cT is a (Q-AP) distribution,
resp., (SPQ−AP) distribution, for any c∈ C;

ii) If (Tn) is a sequence inD ′
Q−AP(X), resp.,D ′

SpQ−AP(X) and Tn → T uniformly
in D ′

Q−AP(X), resp.,D ′
SpQ−AP(X), then T∈D ′

Q−AP(X), resp., T∈D ′
SpQ−AP(X);

iii) Any translation Th = 〈T,ϕ(· − h)〉 of T ∈ D ′
Q−AP(X) (T ∈ D ′

SpQ−AP(X)) is
again inD ′

Q−AP(X) (D ′
SpQ−AP(X)).

Proof. The case whenT ∈D ′
SpQ−AP(X) is similar with the case whenT ∈D ′

Q−AP(X),
so we skip it.
i) Let T ∈ D ′

Q−AP(X) andϕ ∈ D. ThenT ∗ϕ ∈ Q−AP(I : X). Since,(cT)∗ϕ =

c(T ∗ϕ), using [25, Theorem 2.13 (i)], the statement of i) follows.
ii) Let ε > 0 be given. Then there exists a distributionTn0 such that|T ∗ϕ(x)−
Tn0 ∗ϕ(x)|< ε

3, for all x∈ I , |x| ≥ M(ε,τ), for someM(ε,τ)> 0 and for allϕ ∈ D.
Let Eq(ε,T), be the set of all translation numbers ofT belonging toε ≥ 0 if
|T ∗ϕ(x+ τ)−T ∗ϕ(x)| ≤ ε, for all ϕ ∈ D. Putτ ∈ E(1

3ε,Tn0 ∗ϕ(x)). Then,

|T ∗ϕ(x+ τ)−T ∗ϕ(x) ≤ |T ∗ϕ(x+ τ)−Tn0 ∗ϕ(x+ τ)|
+ |Tn0 ∗ϕ(x+ τ)−Tn0 ∗ϕ(x)|+ |Tn0 ∗ϕ(x)−T ∗ϕ(x)| < ε.

SinceEq(ε,T ∗ϕ(x)) ⊃ Eq(
1
3ε,Tn0 ∗ ϕ(x)), it follows Eq(ε,T ∗ϕ(x)) is relatively

dense andε > 0 is arbitrary, we conclude thatT is (Q-AP) distribution.
iii) Let T ∈ D ′

Q−AP(X) andϕ ∈ D ThenT ∗ϕ ∈ Q−AP(I : X). Now, sinceTh ∗

ϕ = 〈T,ϕ(·−h)〉 = (τhT)∗ϕ = τh(T ∗ϕ), by [25, Theorem 2.13 (v)],τh(T ∗ϕ) ∈
Q−AAP(I : X). HenceTh ∈ D ′

Q−AP(X). �

Further on, we would like to observe that the following structural result holds in
vector-valued case:

Theorem 2.7. Let T∈ D ′
L1(X). Then the following assertions are equivalent:

(i) T ∈ D′
Q−AP(X).

(ii) There exist an integer k∈ N and (Q-AP) functions fj(·) : R→ X (0≤ j ≤ k)

such that T= ∑k
j=0 f ( j)

j on [0,∞).
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(iii) There exist S∈ D ′
L1(X), k∈ N and bounded (Q-AP) functions fj(·) : R→ X

(0≤ j ≤ k) such that S= ∑k
j=0 f ( j)

j onR, and〈S,ϕ〉= 〈T,ϕ〉 for all ϕ ∈ D0.

(iv) There exists S∈ D ′
L1(X) such that〈S,ϕ〉 = 〈T,ϕ〉 for all ϕ ∈ D0 and S∗ϕ ∈

Q−AP(R : X), ϕ ∈ D.

Proof. The equivalence of (i)-(ii) can be proved as in (Q-AP) scalar-valued case
(see [12, Theorem I, Proposition 1]).

The implication (ii)⇒ (iii) trivially follows from the fact that the expressionS=

∑k
j=0 f ( j)

j defines an element fromD ′
L1(X). Since the space A≡ Q−AP(R : X)∩

Cb(R : X) is uniformly closed (and therefore,C∞-uniformly closed), closed under
addition and A∗D ⊆ A (see [1] for the notion), so we have that (iii) implies (iv).
The implication (iv)⇒ (ii) is trivial, hence we have the equivalence of assertions
(i)-(iv). �

Concerning the assertions of Theorem 2.7, it is worth notingthe following:

Remark2.1. The validity of (iv) for someS∈ D ′
L1(X) implies its validity forS

replaced therein withSQ = S+ Q, whereQ ∈ D ′
L1(X) and supp(Q) ⊆ (−∞,0].

For this, it suffices to observe that(Q ∗ ϕ)(x) = 〈Q,ϕ(x− ·)〉 = 0 for all x ≥
sup(supp(ϕ)), ϕ ∈ D.

3. QUASI-ASYMPTOTICAL ALMOST PERIODICITY OF VECTOR-VALUED

ULTRADISTRIBUTIONS

For anyh> 0, we define

D
Mp,h
L1 :=

{

f ∈ DL1 ; ‖ f‖1,h := sup
p∈N0

hp‖ f (p)‖1

Mp
< ∞

}

.

Then (D
Mp,h
L1 ,‖ · ‖1,h) is a Banach space and the space of allX-valued bounded

Beurling ultradistributions of class(Mp), resp.,X-valued bounded Roumieu ul-
tradistributions of class{Mp}, is defined to be the space consisting of all linear

continuous mappings fromD
(Mp)

L1 , resp.,D
{Mp}

L1 , into X, where

D
(Mp)

L1 := projlimh→+∞D
Mp,h
L1 ,

resp.,
D

{Mp}

L1 := indlimh→0+D
Mp,h
L1 .

These spaces, equipped with the strong topologies, will be shortly denoted by

D ′
L1(X), resp., D

′{Mp}

L1 (X). We will use the shorthandD ′∗
L1(X) to denote either

D
′(Mp)

L1 (X) or D
′{Mp}

L1 (X); D ′∗
L1 ≡ D ′∗

L1(C). As it can be easily proved,D ′∗
L1(X) is

a complete locally convex space.

It is well known thatD(Mp), resp. D{Mp}, is a dense subspace ofD
(Mp)

L1 , resp.,

D
{Mp}

L1 , as well as thatD
(Mp)

L1 ⊆ D
{Mp}

L1 . It can be simply proved thatf|S (Mp) :
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S (Mp) → X, resp., f|S{Mp} : S {Mp} → X, is a temperedX-valued ultradistribution
of class(Mp), resp., of class{Mp}. The spaceD ′∗

L1(X) is closed under the action
of ultradifferential operators of∗-class.

The space of bounded vector-valued ultradistributions tending to zero at plus
infinity, D ′∗

+,0(X) for short, is defined by

D
′∗
+,0(X) :=

{

T ∈ D
′∗
L1(X) : lim

h→+∞

〈

Th,ϕ
〉

= 0 for all ϕ ∈ D
∗
}

.

Let T ∈ D ′∗
L1(X). Then we say thatT is (AP), resp. (AAut), ifT satisfies:T ∗ϕ ∈

AP(R : X), ϕ ∈ D∗, resp.,T ∗ϕ ∈ AAut(R : X), ϕ ∈ D∗. By D ′∗
AP(X), we denote

the vector space consisting of all almost periodic ultradistributions of∗-class.

Definition 3.1. An ultradistribution T∈ D ′∗
L1(X) is said to be (AAP) if there exist

an (AP) ultradistribution Tap ∈ D ′∗
AP(X), and a bounded ultradistribution tending

to zero at plus infinity Q∈ D ′∗
+,0(X) such that〈T,ϕ〉= 〈Tap,ϕ〉+ 〈Q,ϕ〉, ϕ ∈ D∗

0.

By D ′∗
AAP(X), we denote the vector space consisting of all (AAP) ultradistribu-

tions of∗-class.

Likewise in distribution case, decomposition of an (AAP) ultradistribution of∗-
class into its (AP) part and bounded, tending to zero at plus infinity part, is unique.
The spaceD ′∗

AAP(X) is closed under the action of ultradifferential operators of ∗-
class. This follows from the fact that this is true for the space D ′∗

AP(X), (see [24]
and [26]), as well as that, for everyQ ∈ D ′∗

+,0(X) and for every ultradifferential
operatorP(D) of ∗-class, we have〈P(D)Q,ϕ(·−h)〉= 〈Q, [P(D)ϕ](·−h)〉, h∈R.

For the sequel, we need the following preparation. Let A⊆ D ′∗(X). Follow-
ing B. Basit and H. Güenzler [1], whose examinations have been carried out in
distributional case, we have recently introduced the following notion in [24]:

D
′∗
A (X) :=

{

T ∈ D
′∗(X) : T ∗ϕ ∈ A for all ϕ ∈ D

∗
}

.

ThenD ′∗
A (X) = D ′∗

A∩B(X), for any setB⊆ L1
loc(R : X) that containsC∞(R : X), as

well as the setD ′∗
A (X) is closed under the action of ultradifferential operators of

∗-class. Furthermore, the following holds [24]:

(i) Assume that there exist an ultradifferential operatorP(D) = ∑∞
p=0 apDp of

class(Mp), resp., of class{Mp}, and f , g∈ D ′∗
A (X) such thatT =P(D) f +g.

If A is closed under addition, thenT ∈ D ′∗
A (X).

(ii) If A ∩C(R : X) is closed under uniform convergence,T ∈ D ′
L1((Mp) : X) and

T ∗ϕ ∈A, ϕ ∈ D(Mp), then there is a numberh> 0 such that for each compact

setK ⊆ R we haveT ∗ϕ ∈ A, ϕ ∈ D
Mp,h
K .

(iii) Assume thatT ∈ D ′(Mp)(X) and there existsh> 0 such that for each compact

setK ⊆R we haveT ∗ϕ ∈ A, ϕ ∈ D
Mp,h
K . If (Mp) additionally satisfies (M.3),

then there existl > 0 and two elementsf , g∈ A such thatT = P(D) f +g.
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Definition 3.2. An ultradistribution T∈ D ′∗
L1(X) is said to be (Q-AP) ultradistri-

bution if T∗ϕ ∈ Q−AP(R : X), of class∗ for all ϕ ∈ D∗. The space of all (Q-AP)
ultradistributions will be denoted byD ′∗

Q−AP(X).

Definition 3.3. Let ω ∈ I and T∈ D ′∗
L1(X).

a) An ultradistribution T is said to be (APω) if T ∗ϕ ∈APω(I : X) for everyϕ ∈ D∗.
The space of all (APω) ultradistributions is denoted byD ′∗

APω
(X).

b) An ultradistribution T is said to be (Sp −APω) if T ∗ϕ ∈ Sp −APω(I : X) for
everyϕ ∈ D∗. The space of all (Sp −APω) ultradistributions is denoted by
D ′∗

Sp−APω
(X).

c) An ultradistribution T is said to be (S−APω) if T ∗ϕ ∈ S−APω(I : X), for every
ϕ ∈ D∗. The space of all (S−APω) ultradistributions is denoted byD ′∗

S−APω
(X).

d) An ultradistribution T is said to be (Sp−AAAut) if T∗ϕ ∈ Sp−AAAut(I : X),
for everyϕ ∈ D∗. The space of all (Sp−AAAut) ultradistributions is denoted
by D ′∗

Sp−AAAut(X).
e) An ultradistribution T is said to be (Sp−AAut) if T∗ϕ ∈ Sp−AAut(I : X), for

everyϕ ∈ D∗. The space of all (Sp −AAut) ultradistributions is denoted by
D ′∗

Sp−AAut(X).

Definition 3.4. Let T∈ D ′
L1(X).

a) An ultradistribution T is said to be (SpQ−AP) if T ∗ϕ ∈ SpQ−AP(I : X), for
everyϕ ∈ D∗. The space of all (SpQ−AP) ultradistributions is denoted by
D ′∗

SpQ−AP(X).
b) An ultradistribution T is said to be (SQ−APω) if T ∗ϕ ∈ SQ−APω(I : X), for

everyϕ ∈ D∗. The space of all (SQ−APω) ultradistributions is denoted by
D ′∗

SQ−APω
(X).

c) An ultradistribution T is said to be (Q−APω) if T ∗ϕ∈Q−APω(I : X), for every
ϕ∈D∗. The space of all (Q−APω) ultradistributions is denoted byD ′∗

Q−APω
(X).

d) An ultradistribution T is said to be (SpQ−APω) if T ∗ϕ ∈ SpQ−APω(I : X),
for everyϕ ∈ D∗. The space of all (SpQ−APω) ultradistributions is denoted by
D ′∗

SpQ−APω
(X).

e) An ultradistribution T is said to be (SpQ−AP) if T ∗ϕ ∈ SpQ−AP(I : X), for
everyϕ ∈ D∗. The space of all (SpQ−AP) ultradistributions is denoted by
D ′∗

SpQ−AP(X).

Like in the case of distributions we can give the following theorems with the
analogous proofs.

Theorem 3.1. The following statements hold:

i) D ′∗
Q−AP(X)∩D ′∗

AAAut(X) = D ′∗
AAP(X);

[D ′∗
AAAut(X)\D ′∗

AAP(X)]∩D ′∗
Q−AP(X) = /0;

ii) D ′∗
AAut(X)∩D ′∗

Q−AP(X) = D ′∗
AP(X).
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Theorem 3.2. Let ω ∈ I. It holdsD ′∗
S−APω

(X)⊆ D ′∗
Q−AP(X).

Theorem 3.3. Let ω ∈ I. Then

D
′∗
S−APω

(X)∩D
′∗
AAAut(X)⊆ D

′∗
APω

(X).

Theorem 3.4. The following statements hold:

i) D ′∗
Sp−AAAut(X)∩D ′∗

SpQ−AP(X) = D ′∗
Sp−AAP(X)

[D ′∗
Sp−AAAut(X)\D ′∗

Sp−AAP(X)]∩D ′∗
SpQ−AP(X) = /0;

ii) D ′∗
Sp−AAut(X)∩D ′∗

SpQ−AP(X) = D ′∗
Sp−AP(X).

Theorem 3.5. It holds thatD ′∗
Sp−APω

(X)⊆ D ′∗
SpQ−AP(X).

In order to span the investigation on the space of (Q-AP) ultradistributions
D ′∗

Q−AP(X), following the approach of B. Basit and H. Güenzler [1] (seealso [24]),
now we will focus to the case when A= Q−AP(R : X). Then A is closed under
the uniform convergence and addition, and we have A⊆ D ′∗

A (X) ( [23]).

Theorem 3.6. Let (Mp) satisfies the conditions(M.1), (M.2) and (M.3)′ and let
T ∈ D ′∗

L1(X). Then the following holds:

i) Suppose that there exist an ultradifferential operator P(D) = ∑∞
p=0apDp of

class(Mp), resp., of class{Mp} and f,g∈ D ′∗
Q−AP(X) such that T= P(D) f +

g. Then T∈ D ′∗
Q−AP(X).

ii) If T ∈ D
′(Mp)
Q−AP(X) then there exists h> 0 such that for each compact set K⊆R

we have T∗ϕ ∈ Q−AP(R : X), for all ϕ ∈ D
Mp,h
K .

iii) Suppose that T∈ D ′(Mp)(X) and there exists h> 0 such that for each compact

set K⊆R we have T∗ϕ ∈Q−AP(R : X), for all ϕ ∈ D
Mp,h
K . If (Mp) addition-

ally satisfies(M.3), then there exist l> 0 and two elements f,g∈ Q−AP(R :
X) such that T= P(D) f +g.

As a consequence of the Theorem 3.6, we immediately have the following:

Corollary 3.1. Let (Mp) satisfies the conditions(M.1), (M.2) and(M.3)′ and let
T ∈ D ′∗

L1(X). Consider the following statements:

i) T ∈ D ′∗
Q−AP(X).

ii) There exist a number l> 0, resp., a positive increasing sequence(rp) and
a two functions f,g ∈ Q−AP(R : X) such that T= Pl(D) f + g, resp., T=
Prp(D) f +g.

iii) There exist an ultradifferential operator P(D) = ∑∞
p=0apDp of class(Mp),

resp.,{Mp} and two functions f,g∈ Q−AP(R : X) such that T= P(D) f +g.
iv) There exists h> 0 such that for each compact set K⊆R, resp., for each h> 0

and for each compact set K⊆ R, we have T∗ ϕ ∈ Q−AP(R : X), for all

ϕ ∈ D
Mp,h
K .
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Then we have ii)⇒ iii )⇒ i)⇔ iv). Furthermore, if(Mp) additionally satisfies the
condition(M.3), then the assertions i)− iv) are equivalent for the Beurling class.

Similarly, like in distribution case we have the following theorem:

Theorem 3.7. Let T∈ D ′∗
L1(X). The then following holds:

i) Let T ∈ D ′∗
Q−AP(X), resp., T∈ D ′∗

SpQ−AP(X). Then cT is a (Q-AP) ultradistri-
bution, resp., (SpQ−AP) ultradistribution, for any c∈ C;

ii) If (Tn) is a sequence inD ′∗
Q−AP(X), resp.,D ′∗

SpQ−AP(X) and Tn → T uniformly
in D ′∗

Q−AP(X), resp.,D ′∗
SpQ−AP(X), then T∈D ′∗

Q−AP(X), resp., T∈D ′∗
SpQ−AP(X);

iii) Any translation Th = 〈T,ϕ(· − h)〉 of T ∈ D ′∗
Q−AP(X) (T ∈ D ′∗

SpQ−AP(X)) is
again inD ′∗

Q−AP(X) (D ′∗
SpQ−AP(X)).

Let we introduce the following space

E
∗
Q−AP =

{

ϕ ∈ E
∗(X) : ϕ(i) ∈ Q−AP(R : X) for all i ∈ N0

}

.

We have thatE∗
Q−AP(X) ⊆ D ′∗

L1(X), E∗
Q−AP(X) = E∗(X) ∩ Q− AP(R : X) and

E∗
Q−AP∗ L1(R) ⊆ E∗

Q−AP(X). Furthermore, the space ofE∗
Q−AP(X) is the space

of all mappingsf from E∗(X) for which f ∗ϕ ∈ Q−AP(R : X) for all ϕ ∈ D∗.
The proof of the following theorem is the same like [24, Lemma1].

Theorem 3.8. Let (Mp) satisfy the conditions(M.1), (M.2) and (M.3)′ and let
T ∈ D ′∗

L1(X). We have the following statements are equivalent:

i) T ∈ D ′∗
Q−AP(X).

ii) There exists a sequence(Tn) in E∗
Q−AP(X) such thatlimn→∞ Tn = T in the

topology ofD ′∗
L1(X).

Likewise in distribution case, we have the following theorem:

Theorem 3.9. Let (Mp) satisfy the conditions(M.1), (M.2) and (M.3)′ and let
T ∈ D ′∗

L1(X). We have the following statements:

i) T ∈ D ′∗
Q−AP(X).

ii) There exist an element S∈ D ′∗
L1(X), a number l> 0 in the Beurling case (a

sequence(rp) ∈ R in the Roumieu case), and bounded functions f, g ∈ Q−
AP(R : X) such that S= Pl(D) f + g, resp. S= Prp(D) f + g, and S= T on
[0,∞).

iii) There exist a number l> 0, resp. a sequence(rp) ∈ R, and bounded functions
f , g ∈ Q−AP(R : X) such that T= Pl (D) f +g, resp. T= Prp(D) f +g, on
[0,∞).

iv) There exist an ultradifferential operator P(D) = ∑∞
p=0apDp of ∗-class and

bounded functions f1, f2 ∈Q−AP(R : X) such that T=P(D) f1+ f2 on [0,∞).
v) There exist an element S∈ D ′∗

L1(X), an ultradifferential operator
P(D) = ∑∞

p=0apDp of ∗-class and bounded functions f1, f2 ∈ Q−AP(R : X)
such that S= P(D) f1+ f2 and S= T on [0,∞).
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(vi) T ∈ D′∗
Q−AP(X) and there exists an element S∈ D ′∗

L1(Mp : X) such that S= T
on [0,∞) and S∗ϕ ∈ Q−AP(R : X), ϕ ∈ D∗.

Then we have ii) ⇒ iii ) ⇒ iv)⇒ v) ⇒ vi) ⇒ i). If (Mp) additionally satisfies the
condition(M.3), then the upper statements are equivalent for the Beurling case.

Proof. The implications ii)⇒ iii) ⇒ iv) ⇒ v) are trivial. We are going to prove
that v)⇒ vi). Let S:= P(D)g1+g2 is a (Q-AP) ultradistribution of Beurling class,
for f1, f2,g1, g2 ∈ Q−AP(R : X) We need to show is

T2 := P(D)( f1−g1)+ ( f2−g2) ∈ D
′(Mp)
+,0 (X), i.e.,

lim
h→+∞

〈

P(D)
(

f1−g1
)

+
(

f2−g2
)

,ϕ(·−h)
〉

= 0, ϕ ∈ D
(Mp).

Towards this end, assume that−∞ < a< b< +∞ and supp(ϕ) ⊆ [a,b]. Let ε > 0
be given. Then there exist a sufficiently large finite numberh0(ε,h) > 0 and a
sufficiently large finite numbercϕ >,0 independent ofε, such that, for every|t| ≥
h0(ε,h), we have the following (cf. also the proof of [24, Theorem 1]):
∥

∥

∥

∥

〈

P(D)
(

f1−g1
)

+
(

f2−g2
)

,ϕ(·−h)
〉

∥

∥

∥

∥

=

∥

∥

∥

∥

∞

∑
p=0

(−1)pap

∫ ∞

−∞

(

f1(t)−g1(t)
)

ϕ(p)(t −h)dt+
∫ ∞

−∞

(

f2(t)−g2(t)
)

ϕ(t −h)dt

∥

∥

∥

∥

=

∥

∥

∥

∥

∞

∑
p=0

(−1)pap

∫ b

a

(

f1(t +h)−g1(t +h)
)

ϕ(p)(t)dt+
∫ b

a

(

f2(t)−g2(t)
)

ϕ(t)dt

∥

∥

∥

∥

=

∥

∥

∥

∥

∞

∑
p=0

(−1)pap

∫ b

a
q1(t +h)ϕ(p)(t)dt+

∫ b

a
q2(t)ϕ(t)dt

∥

∥

∥

∥

≤ ε
[ ∞

∑
p=0

∣

∣ap

∣

∣

∥

∥ϕ(p)
∥

∥

L1 +
∥

∥ϕ
∥

∥

L1

]

≤ εcϕ.

This yields vi). By Theorem 3.6 i), we have that vi)⇒ i). If (Mp) additionally
satisfies the condition(M.3), in Beurling case, holds i)⇒ ii), so all the upper
statements are equivalent in Beurling case. �

4. APPLICATIONS

Let n∈ N, and letA= [ai j ]1≤i, j≤n be a given complex matrix such thatσ(A)⊆
{z∈C : ℜz< 0}. In this section, we analyze the existence of (Q-AP) (ultra) distri-
bution solutions of the equation

T ′ = AT+F, T ∈ D
′(Xn) on [0,∞) (4.1)

and the equation
T ′ = AT+F, T ∈ D

′∗(Xn) on [0,∞), (4.2)

whereF is a (Q-AP)Xn-valued distribution in (4.1) andF is a (Q-AP)Xn-valued
ultradistribution of∗-class in (4.2). By a solution of (4.1), resp. (4.2), we mean
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any distributionT ∈ D ′(Xn), resp. D ′∗(Xn), such that (4.1), resp. (4.2), holds in
distributional, resp. ultradistributional, sense on[0,∞).

Now, we can state the following theorem, as a consequence [25, Theorem 4.1]:

Theorem 4.1. (i) Let F = [F1 F2 · · ·Fn]
T ∈ D ′

Q−AP(X
n). Then there exists a so-

lution T = [T1 T2 · · ·Tn]
T ∈ D ′

Q−AP(X
n) of (4.1). Furthermore, any distribu-

tional solution T of(4.1)belongs to the spaceD ′
Q−AP(X

n),

(ii) Let (Mp) satisfy the conditions(M.1), (M.2) and (M.3)’, and let
F = [F1 F2 · · ·Fn]

T ∈ D ′∗(Xn) be such that, for every i∈ Nn, there exist an
ultradifferential operator Pi(D) = ∑∞

p=0ai,pDp of ∗-class and bounded func-
tions f1,i , f2,i ∈ Q−AP(R : X) such that Fi = Pi(D) f1,i + f2,i on [0,∞). Then
there exist ultradifferential operators Pi j (D) of ∗-class, bounded functions
hi j ∈ Q−AP(R : X) and bounded functions h2,i ∈ Q−AP(R : X) (1≤ i ≤ n),
such that T= [T1 T2 · · · Tn]

T ∈ D ′∗
Q−AP(X

n) is a solution of (4.2), where
Ti = ∑n

j=1Pi j (D)hi j + h2,i for i ∈ Nn. Furthermore, any ultradistributional
solution T of∗-class to the equation(4.2)has such a form.
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[18] G. M. N’Guérékata,Almost Automorphic and Almost Periodic Functions in Abstract Spaces,
Kluwer Acad. Publ., Dordrecht, 2001.
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[23] M. Kostić, Almost Periodic and Almost Automorphic Type Solutions of Abstract Volterra
Integro-Differential Equations, Book Manuscript, 2017.
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