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ABSTRACT. We examine Banach algebras of bounded uniformly continuous
functions and particularly Lipschitzian functions from anultrametric space IE to
a complete ultrametric field IK: prime and maximal ideals, multiplicative spec-
trum, Shilov boundary and topological divisors of zero. We get a new compact-
ification of IE similar to the Banaschewski’s one and which ishomeomorphic
to the multiplicative spectrum. On these algebras, we consider several norms
or semi-norms: a norm letting them to be complete, the spectral semi-norm and
the norm of uniform convergence (which are weaker), for which prime closed
ideals are maximal ideals. When IE is a subset of IK, we also examine algebras
of Lipschitzian functions that are derivable or strictly differentiable. Finally, we
examine certain abstract Banach IK-algebras in order to show that they are alge-
bras of Lipschitzian functions on an ultrametric space through a kind of Gelfand
transform.

1. INTRODUCTION

Let IK be an ultrametric complete field and IE be an ultrametric space. It is well
known that the set of maximal ideals of a Banach IK-algebra isnot sufficient to
describe its spectral properties: we have to consider the set of continuous multi-
plicative semi-norms often called the multiplicative spectrum. Many studies were
made on continuous multiplicative semi-norms on algebras of analytic functions,
analytic elements and their applications to holomorphic functional calculus.

In Sections 2, 3, 4 we generalize some of the results previously obtained in [8],
[9] and [10] to some Banach algebras of bounded uniformly continuous functions
which we callsemi-compatibleand which are related to thecontiguity relationyet
considered in these papers. These results concern maximal ideals, multiplicative
spectrum and Shilov boundary. In Section 5, we study the Stone space of some
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Boolean subring of the clopen sets of IE which turn to be a compactification of IE
homeomorphic to the multiplicative spectrum.

The algebraB of uniformly continuous functions is semi-compatible. In Section
6, we consider the algebraL of Lipschitzian functions and when IE is a subset of
IK, the algebrasD of derivable functions andE of strictly differentiable functions.
These are semi-compatible algebras provided with a suitable complete norm. In
Section 7 we get some properties forB , L , D or E in particular about topological
divisors of zero.

In Section 8, we can show that a large class of unital ultrametric commutative
Banach algebra may be viewed as a class of Lipschitzian functions.

The proofs will be published in a further paper.

2. BASIC RESULTS IN TOPOLOGY

Notations and definitions: LetIK be a field complete with respect to an ultramet-
ric absolute value| . |, let IE denote a metric space whose distanceδ is ultrametric.

Finally we denote by| . |∞ the Archimedean absolute value ofIR.
If F ⊂ IE, the function u defined onIE by u(x) = 1 if x ∈ F and u(x) = 0 if x /∈ F,

will be called the characteristic function of F.
Given a subset F ofIE such that F6= /0 and F 6= IE, we call codiameter of F the

numberδ(F, IE\F). If F = /0 or F = IE, we say that its codiameter is infinite. The
set F will be said to be uniformly open if its codiameter is strictly positive.

We will denote bylG(IE) the family of uniformly open subsets ofIE. In [8],
dealing with the Banaschewski compactification ofIE the authors considered the
Boolean ring of clopen sets ofIE (with the usual addition∆ and multiplication∩).
In Section 5 we will consider the Boolean ring of uniformly open sets.

Given a normedIK -algebra whose norm is‖ . ‖, we denote by‖ . ‖sp the spectral

semi-norm that is associated and defined as‖ f‖sp= lim
n→+∞

(
‖ f n‖

) 1
n

[4], [5]. We

denote by‖ . ‖0 the norm of uniform convergence onIE and we denote byB the
BanachIK -algebra of bounded uniformly continuous functions onIE provided with
the norm‖ . ‖0.

Proposition 2. 1 is classical:

Proposition 2.1. Let A be a commutative unital BanachIK -algebra of bounded
functions defined onIE. Then‖ f‖0 ≤ ‖ f‖sp≤ ‖ f‖ ∀ f ∈ A. Moreover, given f∈ A
satisfying‖ f‖sp< 1, then lim

n→+∞
‖ f n‖= 0.

Definition. We will call semi-compatible algebra a unital commutativeBanachIK -
algebra S of uniformly continuous bounded functions f fromIE to IK satisfying the
two following properties:

1) every function f∈ S such thatinfx∈E | f (x)|> 0 is invertible in S,
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2) for every subset F⊂ IE, the characteristic function of F belongs to S if and only
if F is uniformly open.
Moreover, a semi-compatible algebra S will be said to be C-compatible if it
satisfies

3) the spectral semi-norm of S is equal to the norm‖ . ‖0.

Given a subset X of S, we call spectral closure of X denoted byX̃ the closure
of X with respect to the norm‖ . ‖sp and X will be said to be spectrally closed if
X = X̃ .

Throughout the lecture, we will denote bySa semi-compatibleIK -algebra.

Let f ∈ B be such that inf{ | f (x)| | x∈ IE} > 0, it is clear that
1
f

belongs toB

and we can check that the spectral norm‖ . ‖sp is just‖ . ‖0 and that a subsetF of IE
is uniformly open if and only if its characteristic functionis uniformly continuous.
Therefore, the following statement is almost immediate:

Theorem 2.2. The BanachIK -algebraB is C-compatible.

More notations and definitions: LetF be a filter onIE. Given a function f from
IE to IK admitting a limit alongF , we will denote bylim

F
f (x) this limit.

Given a filterF on IE, we will denote byJ (F ,S) the ideal of the f∈ S such that
limF f (x) = 0. Notice that the unity does not belong toJ (F ,S), soJ (F ,S) 6= S.

Given a∈ IE, we will denote byJ (a,S) the ideal of the f∈ S such that f(a) = 0.
We will denote by Max(S) the set of maximal ideals of S and by MaxIE(S) the set

of maximal ideals of S of the formJ (a,S), a∈ IE.
Given a set F, we will denote by U(F) the set of ultrafilters on F.
Two ultrafiltersF , G on IE will be said to be contiguous if for every H∈ F ,

L ∈ G , we haveδ(H,L) = 0. We will denote by(R ) the relation defined on U(IE)
asU(R )V if U andV are contiguous.

Remark 1:T he contiguity relation on ultrafilters on IE is a particularcase of the re-
lation on ultrafilters defined by Labib Haddad and in other terms by Pierre Samuel
in a uniform space. This relation on a uniform space actuallyis an equivalence
relation [12], [14].

Proposition 2.3. Every maximal idealM of S is closed with respect to the norm
‖ . ‖0 and hence is spectrally closed.

Proposition 2.4 now is easy:

Proposition 2.4. Given an ultrafilterU on IE, J (U,S) is a prime ideal closed with
respect to the norm‖ . ‖0.

Corollary 2.4.a: Given an ultrafilterU on IE, J (U,S) is a spectrally closed prime
ideal.

We have the following Proposition 2.5 which is important:
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Proposition 2.5. Let U, V be ultrafilters onIE. ThenU andV are contiguous if
and only if they contain the same uniformly open sets.

Corollary 2.5.a: Relation(R ) is an equivalence relation on U(IE).
As a consequence we can derive the following theorem:

Theorem 2.6. Let U, V be ultrafilters onIE. ThenJ (U,S) = J (V ,S) if and only
if U andV are contiguous.

We must now state a theorem that is essential for all further results and is often
called the Corona Theorem [15]:

Theorem 2.7. Let f1, ..., fq ∈ S satisfy

inf
x∈IE

( max
1≤ j≤q

| f j(x)|) > 0.

Then there exists g1, ...,gq ∈ S such that
q

∑
j=1

f j(x)g j (x) = 1 ∀x∈ IE.

Notation: Given f ∈ Sandε > 0, we putD( f ,ε) = {x∈ IE | | f (x)| ≤ ε}.

Corollary 2.7.a: Let I be an ideal of S different from S. The family of sets

{D( f ,ε), f ∈ I , ε > 0}

generates a filterFI ,S on IE such that I⊂ J (FI ,S,S).

3. MAXIMAL AND PRIME IDEALS OF S

Theorem 3.1. Let M be a maximal ideal of S. There exists an ultrafilterU on
IE such thatM = J (U,S). Moreover,M is of codimension1 if and only if every
element of S converges alongU. In particular if U is convergent, thenM is of
codimension1.

Remark 2: I f IK is not locally compact, a maximal ideal of codimension 1of S is
not necessarily of the formJ (U,S) whereU is a converging ultrafilter. Suppose
that IE admits a sequence(an)n∈IN such that either it satisfies|an−am|= r ∀n 6= m,
or the sequence|an+1 − an| is strictly increasing. LetU be an ultrafilter thinner
than the sequence(an)n∈IN .

Consider now a functionf ∈ Sand letW be the filter admitting for basisf (U).
ThenW is an ultrafilter again and hence it converges in IK to a pointb ∈ IK. In
that way, we can define a homomorphismχ from S onto IK asχ(g) = limU g(x)

and therefore IK is the quotient
S

Ker(χ)
.

Corollary 3.1.a: Let IK be a locally compact field. Then every maximal ideal of S
is of codimension 1.
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Notation: We will denote byY(R )(IE) the set of equivalence classes onU(IE)
with respect to the relation(R ).

Corollary 3.1.b: Let M be a maximal ideal of S. There exists a unique
H ∈Y(R )(IE) such thatM = J (U,S) for everyU ∈ H .

Conversely, Theorem 3.2 now characterizes all maximal ideals of S.

Theorem 3.2. LetU be an ultrafilter onIE. ThenJ (U,S) is a maximal ideal of S.

By Corollary 3.1.b and Theorem 3.2., we derive the followingCorollary 3.2.a:

Corollary 3.2.a: The mapping that associates to each maximal idealM of S the
class with respect to(R ) of ultrafilters U such thatM = J (U,S), is a bijection
from Max(S) onto Y(R )(IE).

Theorem 3.3. Let U be an ultrafilter onIE and letP be a prime ideal included in
J (U,S). Let L∈ U be uniformly open and let H= IE\L. Then the characteristic
function u of H belongs toP .

Theorem 3.4.LetM be a maximal ideal of S and letP be a prime ideal contained
in M . ThenM is the closure ofP with respect to the norm‖ . ‖0.

Corollary 3.4.a: A prime ideal of S is a maximal ideal if and only if it is closed
with respect to the norm‖ . ‖0.

Corollary 3.4.b: Let S be C-compatible. A prime ideal of S is a maximal ideal if
and only if it is spectrally closed.

Corollary 3.4.c: A prime ideal of S is included in a unique maximal ideal of S.

4. MULTIPLICATIVE SPECTRUM

The multiplicative spectrum of a Banach IK-algebra was firstintroduced by B.
Guennebaud and was at the basis of Berkovich’s theory [1], [11].
Notations and definitions:Let G be a normedIK -algebra. We denote by
Mult(G,‖ . ‖) the set of continuous multiplicative algebra semi-norms ofG pro-
vided with the topology of pointwise convergence, which means that a basic neigh-
borhood of someψ ∈ Mult(G,‖ . ‖) is a set of the form W(ψ, f1, ..., fq,ε), with
f j ∈ G and ε > 0, which is the set ofφ ∈ Mult(G,‖ . ‖) such that
|ψ( f j)− φ( f j)|∞ ≤ ε ∀ j = 1, ...,q. The topological space Mult(G,‖ . ‖) is then
compact [11].

Given φ ∈ Mult(G,‖ . ‖), we call kernel ofφ the set of the x∈ S such that
φ(x) = 0 and we denote it by Ker(φ). It is a prime closed ideal of G with respect to
the norm‖ . ‖ [4], [11].

We denote byMultm(G,‖ . ‖) the set of continuous multiplicative semi-norms
of G whose kernel is a maximal ideal and byMult1(G,‖ . ‖) the set of continuous
multiplicative semi-norms ofG whose kernel is a maximal ideal of codimension 1.

Theorem 4.1 is classical:
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Theorem 4.1. Let A be a unital commutative ultrametric BanachIK -algebra. For
each f∈ A, ‖ f‖sp= sup{φ( f ) | φ ∈ Mult(A,‖ . ‖)}.

More notations: For any ultrafilterU ∈U(IE) and anyf ∈ S, | f (x)| has a limit
alongU since f is bounded. Givena∈ IE we denote byϕa the mapping fromS to
IR defined byϕa( f ) = | f (a)| and for any ultrafilterU ∈U(IE), we denote byϕU

the mapping fromS to IR defined byϕU( f ) = lim
U

| f (x)|. These maps belong to

Mult(S,‖ . ‖) since‖ . ‖0 ≤ ‖ . ‖sp≤ ‖ . ‖.
We denote byMultIE(S,‖ . ‖) the set of multiplicative semi-norms ofS of the

form ϕa, a∈ IE.

Proposition 4.2. Let a∈ IE. ThenJ (a,S) is a maximal ideal of S of codimension
1 andϕa belongs to Mult1(S,‖ . ‖).

Theorem 4.3. Let U be an ultrafilter onIE. ThenϕU belongs to the closure of
MultIE(S,‖ . ‖).

Theorem 4.4. For eachφ ∈ Mult(S,‖. ‖), Ker(φ) is a prime spectrally closed
ideal.

Corollary 4.4.a: If S is C-compatible, then Mult(S,‖ . ‖) = Multm(S,‖ . ‖).

Theorem 4.5 is classical [11].

Theorem 4.5. Let G be a commutative unital ultrametric BanachIK -algebra.
For every maximal idealM of G, there existsφ ∈ Multm(S,‖ . ‖) such that
M = Ker(φ).

Definition. Recall that a IK-Banach algebra is said to bemultbijective if every
maximal ideal is the kernel of only one continuous multiplicative semi-norm.

Remark 3:T here exist some rare cases of ultrametric Banach algebras that are not
multbijective [4].

Theorem 4.6. Suppose S is C-compatible. Then S is multbijective. Precisely if
ψ ∈ Mult(S,‖ . ‖) and Ker(ψ) = M thenψ = ϕU for every ultrafilterU such that
M = J (U,S).

Corollary 4.6.a: Suppose S is C-compatible. For everyφ ∈ Mult(S,‖ . ‖) there
exists a uniqueH ∈Y(R )(IE) such thatφ( f ) = lim

U
| f (x)| ∀ f ∈ S, ∀U ∈ H .

Moreover, the mappingΨ that associates to eachφ ∈ Mult(S,‖ . ‖) the unique
H ∈ YR (IE) such thatφ( f ) = lim

U
| f (x)| ∀ f ∈ S, ∀U ∈ H , is a bijection from

Mult(S,‖ . ‖) ontoY(R )(IE).

Corollary 4.6.b: Suppose S is C-compatible. MultIE(S,‖ . ‖) is dense in
Mult(S,‖ . ‖).
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Remark 4: I t is not clear whether a semi-compatible IK-algebra is multbijective,
in general.

Theorem 4.7. The topological spaceIE, provided with its distanceδ, is home-
omorphic to MultIE(S,‖ . ‖) provided with the restricted topology from that of
Mult(S,‖ . ‖).

Corollary 4.7.a: Mult(S,‖ . ‖) is a compactification of the topological spaceIE.

Theorem 4.8. Let ϕU ∈ Multm(S,‖ . ‖), with U an ultrafilter onIE, let Γ be the

field
S

Ker(φ)
and letθ be the canonical surjection from S ontoΓ. Then, the mapping

defined onΓ by |θ( f )|= φ( f ),∀ f ∈S is the quotient norm‖ . ‖′ of ‖ . ‖0 defined on
Γ and is an absolute value onΓ. Moreover, if Ker(ϕU) is of codimension1, then
this absolute value is the one defined onIK and coincides with the quotient norm
of the norm‖ . ‖ of S.

Corollary 4.8.a: Suppose that S is C-compatible. Letφ ∈ Mult(S,‖ . ‖), let Γ be

the field
S

Ker(φ)
and letθ be the canonical surjection from S ontoΓ. Then, the

mapping defined onΓ by |θ( f )| = φ( f ),∀ f ∈ S is the quotient norm‖ . ‖′ of ‖ . ‖0

on Γ and is an absolute value onΓ. Moreover, if Ker(φ) is of codimension1, then
this absolute value is the one defined onIK and coincides with the quotient norm
of the norm‖ . ‖ of S.

Definition and notation: Given aIK -normed algebra G, we call Shilov boundary
of G a closed subset F of Mult(G,‖ . ‖) that is minimum with respect to inclusion,
such that, for every x∈ G, there existsφ ∈ F such thatφ(x) = ‖x‖sp [6], [7].

Let us recall the following Theorem [6], [4]:

Theorem 4.9. Every normedIK -algebra admits a Shilov boundary.

Notation: Given a IK-normed algebraG, we denote byShil(G) the Shilov bound-
ary of G.

Theorem 4.10. Suppose S is C-compatible. The Shilov boundary of S is equal to
Mult(S,‖ . ‖).

5. THE STONE SPACE OF lG(IE)

It was proved in [8] that for the algebraA of continuous bounded functions from
IE to IK, the Banaschewski compactification of IE is homeomorphic to
Mult(A ,‖ . ‖0). Here we get some similar version for C-compatible algebras.

We have defined the Boolean ring lG(IE) of uniformly open subsets of IE pro-
vided with the laws∆ for the addition and∩ for the multiplication. LetΣ(IE) be
the set of non-zero ring homomorphisms from lG(IE) onto IF2 provided with the
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topology of pointwise convergence. This is the Stone space of the Boolean ring
lG(IE), it is a compact space (see for example [16] for further details).

For everyU ∈ U(IE), we denote byζU the ring homomorphism from lG(IE)
onto IF2 defined byζU(O) = 1 for every O ∈ lG(IE) that belongs toU and
ζU(O) = 0 for everyO∈ lG(IE) that does not belong toU.

Particularly, givena∈ IE, we denote byζa the ring homomorphism from lG(IE)
onto IF2 defined byζa(O) = 1 for everyO∈ lG(IE) that containsa andζa(O) = 0
for everyO∈ lG(IE) that does not containa.

Throughout this section we suppose thatS is a C-compatible algebra.
Remark 5: L et Σ′(IE) be the set ofζa, a ∈ IE. The mapping that associatesζa

to a∈ IE defines a surjective mapping from IE ontoΣ′(IE). That mapping is also
injective because givena, b∈ IE, there exists a uniformly open subsetF such that
a∈ F andb /∈ F.

We have a bijectionΨ from Mult(S,‖ . ‖) ontoY(R )(IE) associating to each
φ ∈ Mult(S,‖ . ‖) the unique H ∈ Y(R )(IE) such that φ( f ) = limU | f (x)|,
U ∈ H , f ∈ S, i.e. φ = ϕU for everyU ∈ H .

On the other hand, let us take someH ∈ Y(R )(IE) and ultrafiltersU, V in H .
SinceU,V own the same uniformly open subsets of IE, we haveζU = ζV and
hence we can define a mappingΞ from YR (IE) into Σ(E) which associates to each
H ∈YR (IE) theζU such thatU ∈ H .

Lemma 5.1. Ξ is a bijection from YR (IE) ontoΣ(IE).

We putΦ = Ξ◦Ψ and henceΦ is a bijection fromMult(S,‖ . ‖) ontoΣ(IE).
Notice that for every ultrafilterU, Ψ(ϕU) is the classH of U with respect to

(R ) andΞ(H ) = ζU soΦ(ϕU) = ζU .

Theorem 5.2. Φ is an homeomorphism onceΣ(IE) and Mult(S,‖ . ‖) are provided
with topologies of pointwise convergence.

Corollary 5.2.a: The spaceΣ(IE) is a compactification ofIE which is equivalent
to the compactification Mult(S,‖ . ‖).

Remark 6: F or a C-compatible algebraS, the compactificationΣ(IE) coincides
with the Guennebaud-Berkovich multiplicative spectrum.

Generally, it can be proved that this compactification is notequivalent to the
usual Banaschewski compactification. This last one is the Stone space associated
to the Boolean ring of clopen sets of IE.
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6. ALGEBRAS B , L, D, E

We denote byL the set of bounded Lipschitzian functions from IE to IK. When-
ever IE is a subset of IK, we denote byD the subset ofL of derivable functions in

IE and byE the subset ofL of functions such that for everya ∈ IE,
f (x)− f (y)

x−y
has limit whenx andy tend toa separately. Following [10] the functions ofE are
calledstrictly differentiable.

Given f ∈ L , we put‖ f‖1 = sup
x,y∈IE
x6=y

| f (x)− f (y)|
δ(x,y)

and‖ f‖= max(‖ f‖0,‖ f‖1). In

particular, if f ∈ D, then‖ f‖1 = sup
x,y∈IE
x6=y

| f (x)− f (y)|
|x−y|

.

Remark 7: I f IE ⊂ IK, thenE ⊂ D ⊂ L

As noticed in section 2,(B ,‖ . ‖0) is a semi-compatible algebra. In [10], it was
proved that the algebra here denoted byE is a Banach IK-algebra with respect to
the norm‖ . ‖.

Theorem 6.1. L , D andE are normedIK -algebras.

Theorem 6.2. L is a IK -Banach algebra with respect to the norm‖ . ‖.

Theorem 6.3. For every g∈ D, we have‖g′‖0 ≤ ‖g‖1. And if ( fn)n∈IN is a se-
quence ofD converging to a limit f with respect to the norm‖ . ‖, then f belongs
to D and the sequence( f ′n)n∈IN converges to f′ with respect to the norm‖ . ‖0.

Corollary 6.3.a: D is a BanachIK -algebra with respect to the norm‖ . ‖. More-
over, the functions inD have derivatives which are bounded.

Theorem 6.4. E is closed inD and hence is a BanachIK -algebra with respect to
the norm‖ . ‖. Moreover, each function inE has a derivative which is bounded
and continuous.

Theorem 6.5. In each algebraL , D, E , the spectral norm‖ . ‖sp is ‖ . ‖0.

Theorem 6.6. Let T be one of the algebrasB , L, D, E. An element of T is invert-
ible in T if and only ifinf{| f (x)| | x∈ IE}> 0.

We can now conclude with algebrasB , L, D, E:

Theorem 6.7. TheIK -algebrasB , L, D, E are C-compatible algebras.

7. PARTICULAR PROPERTIES OF ALGEBRASB , L, D, E

Notation: We denote by Ł a finite extension of IK provided with the absolute
value which extends that of IK. LetT =B (resp.T =L , resp.T =D, resp.T =E).
We will denote here byT∗ the Ł-algebra of uniformly continuous functions from
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IE to Ł (resp. the Ł-algebra of bounded Lipschitzian functions from IE to Ł, resp.
the Ł-algebra of bounded derivable functions from IE to Ł, resp. the Ł-algebra of
bounded strictly differentiable functions from IE to Ł).

A first specific property of algebrasB , L, D, E concerns maximal ideals of fi-
nite codimension.

The following Theorem 7.1 is similar to Theorem 25 in [10] andTheorem 4. 5
in [9] but the proof requires some corrections that will be ina further paper.

Theorem 7.1. Suppose there exists a morphism ofIK -algebra,χ, from T onto Ł.
Thenχ has continuation to a surjective morphism of Ł-algebraχ∗ from T∗ onto Ł.

We can now state the following Theorem 7.2 whose proof is similar to that of
Theorem 26 in [10] but here concerns all algebrasB ,L,D,E.

Theorem 7.2. Every maximal ideal of finite codimension ofB ,L,D,E is of codi-
mension1.

Theorem 7.3. SupposeIE ⊂ IK , let S= B , L, D, E and letM = J (U,S) be a
maximal ideal of S whereU is an ultrafilter onIE. If U is a Cauchy filter, thenM
is of codimension1. Else,M is of infinite codimension.

Notation: We denote byMax1(S) the set of maximal ideals ofSof codimension
1 and byMaxIE(S) the set of maximal ideal ofSof the formJ (a,S), a∈ IE.
Corollary 7.3.a: Suppose IE is a closed subset of IK and letS= B , L, D, E. Then
Max1(S) = MaxIE(S).

Definition. Given aIK -normed algebra A whose norm is‖ . ‖, we call topologi-
cal divisor of zero an element f∈ A such that there exists a sequence(un)n∈IN of
elements of A such thatinf

n∈IN
‖un‖> 0 and lim

n→+∞
f un = 0.

Theorem 7.4. Suppose thatIE has no isolated points. Then an element of an
algebra T= B , L, D, E is a topological divisor of zero if and only if it is not
invertible.

8. A KIND OF GELFAND TRANSFORM

A Gelfand transform is not easy on ultrametric Banach algebras, due to maximal
ideals of infinite codimension. However, here we can obtain akind of Gelfand
transform under certain hypotheses on the multiplicative spectrum in order to find
again an algebra of bounded Lipschitzian functions on some ultrametric space.

Notations: Let (A,‖ . ‖) be a commutative unital Banach IK-algebra which is not
a field. Letϒ(A) be the set of algebra homomorphisms fromA onto IK and letλA be
the mapping from ϒ(A) × ϒ(A) to IR+ defined by λA(χ,ζ) =
= sup{|χ( f )−ζ( f )| | ‖ f‖ ≤ 1}.

Given χ ∈ ϒ(A), we denote by|χ| the element ofMult(A,‖ . ‖) defined as
|χ|( f ) = |χ( f )|, f ∈ A. GivenD ⊂ ϒ(A), we put|D|= {|χ|,χ ∈ D}.
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Lemma 8.1. λA is an ultrametric distance onϒ(A).

Definition and notation: Let A be a unital commutative ultrametric BanachIK -
algebra. We will denote by Max1(A) the set of maximal ideals of codimension1 of
A. The algebra(A,‖ . ‖) will be said to beL-based if it satisfies the following:

a) Mult1(A,‖ . ‖) is dense in Mult(A,‖ . ‖),
b) the spectral semi-norm‖ . ‖sp is a norm,
c) For every uniformly open subset D ofϒ(A) with respect toλA, the closures of

|D| and |ϒ(A)\D| are disjoint open subsets of Mult(A,‖ . ‖).

Theorem 8.2. Let (A,‖ . ‖) be a L-based algebra. Then the algebra A is iso-
morphic to an algebraA of bounded Lipschitzian functions from the ultramet-
ric spaceIE = (ϒ(A),λA) to IK . Identifying A withA , the BanachIK -algebra
(A,‖ . ‖) is C-compatible. Moreover there exists a constant c≥ 1 such that the

Lipschitzian semi-norm defined as‖ f‖1 = sup
{ | f (x)− f (y)|

λA(x,y)
| x,y∈ IE, x 6= y

}

satisfies‖ f‖1 ≤ c‖ f‖ for all f ∈ A.

By Theorems 8.2, 3. 1, 4.3 and Corollary 4.4.a we can derive the following
corollary:

Corollary 8.2.a: Let A be aL-based algebra. Then

Mult(A,‖ . ‖) = Multm(A,‖ . ‖).

Moreover, A is multbijective. Further, Shil(A) = Mult(A,‖ . ‖).

Theorem 8.3. Let A beL-based algebra. Thenϒ(A) is complete with respect to
the distanceλA.

Lemma 8.4. SupposeIE is a closed subset ofIK and let S be a BanachIK - alge-
bra of uniformly continuous functions fromIE to IK equal to one of the algebras
L , D, E . Let T be the mapping fromIE into ϒ(S) that associates to each point
a∈ IE the element ofϒ(S) whose kernel isJ (a,S). Then T is a bijection fromIE
ontoϒ(S). Moreover, we have|b−a| ≥ λS(a,b) ∀a,b∈ IE.

Corollary 8.4.a: SupposeIE is a closed subset ofIK and let S be a BanachIK -
algebra of uniformly continuous functions fromIE to IK equal to one of the alge-
bras L , D,E . Then every uniformly open subset ofϒ(S) with respect toλS is a
uniformly open subset ofIE with respect to the absolute value ofIK .

Theorem 8.5. SupposeIE is a closed subset ofIK and let S be a BanachIK - al-
gebra of uniformly continuous functions fromIE to IK equal to one of the algebras
L ,D,E . Then S is aL-based algebra.

Notation: Let (A,‖ . ‖) be aL-based algebra. We will denote byA˜the algebra
of all bounded Lipschitzian functions from the space IE= (ϒ(A),λA) to IK.



250 MONIQUE CHICOURRAT AND ALAIN ESCASSUT

Theorem 8.6. Let IE be a closed subset ofIK . Let (A,‖ . ‖) be the algebra of all
bounded Lipschitzian functions fromIE to IK . Then A is aL-based algebra such
that Ã = A. Moreover, ifIE is bounded, there exists a constant h≥ 1 such that
λA(x,y) ≤ δ(x,y) ≤ hλA(x,y) ∀x,y∈ IE.
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Annales de la Faculté des Sciences de Clermont N 44, fasc.7,p.3-80 (1972).

[13] M. Krasner,Prolongement analytique uniforme et multiforme dans les corps valués complets.
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