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FROM KRASNER’S CORPOID AND BOURBAKI’S GRADUATIONS
TO KRASNER’S GRADUATIONS AND

KRASNER-VUKOVI Ć’S PARAGRADUATIONS

MIRJANA VUKOVI Ć

ABSTRACT. The paper, supplemented with a short historical development of
graduation which begins with Krasner’s famous notion of a corpoid, introduced
in 1940s and general graded groups in Krasner’s sense, more general than Bour-
baki’s, will present some results in the theory of Krasner-Vuković’s para- and
extra-graded groups including examples of paragraduations which are and which
are not graduations, and some proofs of statements that werenot given earlier.

1. INTRODUCTION

The paper contains an Introduction with a short history of the notion of ho-
mogeneity (Section 1), a review of the Krasner’s fundamental notions on a corpoid
which originates from [7] (see also [8 – 12]) (Section 2), andgeneral graded groups
[3, 5, 13] (see also [15]) (Section 3), as well as a finish with para- and extra- graded
groups, which first appear in [15 – 18] (see also [21 – 24]) as a solution of an im-
portant problem in the category of general graded structures, known as the problem
of closure of graded structures (groups, rings, modules) with respect to the direct
sum and the direct product of homogeneous parts of factors (Section 4).

The notion of graduation is, at least in the light of certain examples, quite an old
one. It was introduced explicitly into mathematics during XVIIIth century when
Euler defined the notion of homogeneous polynomials and real functions [4] (see
also [14]). However, when applied to the case of single variable, it was already
familiar to mathematicians well before Euler (Diophant, some Arab mathemati-
cians,Viète, Descartes). The germ of the notion of homogeneity can be seen in
early Greek mathematics (”multiplication of segments” which preceded theGrass-
mann’sAussdehnungslehres theory) and in some documents of Babylonian times
[14].
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Other notions of homogeneity and its corresponding grades were introduced
afterwards in various algebraic structures: weights of polynomials and functions,
dimension of geometrical and topological objects, order ofdifferential operators,
and later, the more general notion ofZ-graded ring mainly in algebraic geometry
and topology (see for exampleSamuelandZarisky[20]).

Graded rings, the grades of which are embedded in an abelian group, were stud-
ied byC. Chevalley[2]. The first relatively general definition of graded groupsand
rings was given byBourbaki[1]. But this definition was unnecessary based on the
notion of the abelian graded group. It was a very good definition, although there is
no need to limit it to the abelian case.

However, a little is known that all started earlier – before Bourbaki, with the
abstract notion of a corpoid, introduced during 1940s by Marc Krasner while he in-
vestigated valued fields and observed a connection to their valuation rings through
the equivalence of valuations. More precisely, a corpoid first appeared in a series
of M. Krasner’sComptes Rendusnotes in 1944 and 1945 ([7-9]).

2. KRASNER’ S CORPOID

Let’s say now something about a corpoid and Krasner’s motivation for studying
the homogeneous parts only, which are of special interest tothose who are dealing
with homogeneous elements and substructures only. The origin of M. Krasner’s
studying of homogeneous parts only goes back to [7], continued through studying
of partial structures obtained by inducing operations of a graded structure to its
set of homogeneous elements (named the homogeneous part), i.e. homogroupoids,
anneids, and moduloids in the case of: graded groups, gradedrings, and graded
modules respectively (see [8, 9], [3], [5], [13, 15, 21]), and was motivated by the
following observation:

Let K be a field,| · | its valuation onto a totally ordered groupT, and observe
the family{Aγ}γ∈T , whereAγ = {x ∈ K| |x| ≤ γ}. Then{Aγ}γ∈T is total filtration
of (K,+). If

Aγ = ∪γ ′<γAγ ′ , Kγ = Aγ/Aγ and gr(K) =
⊕

γ∈T
Kγ

then, as it is known,gr(K) can be made into a graded ring.
Let s(K) = ∪γ∈TKγ be its homogeneous part. Notice that(s(K),+) is a partial

structure, since the sum of two homogeneous elements does not have to be homo-
geneous, however, when it is, we say that those elements areaddibleand we denote
that relation by #.(s(K),+) has the following properties:

i) (s(K), ·) is a group with the bi-absorbing element0, i.e. x0= 0x= 0, x∈ s(K).
ii ) (∀x,y,z∈ s(K)) x#0;x#x; x#y ∧ y#z∧ y 6= 0= x#z;
iii ) for all 0 6= a∈ s(K){x∈ s(K) | a#x} is an additive abelian group;
iv) (∀x,y,z∈ s(K)), x#y⇒zx#zy∧ xz#yz∧ z(x+y)=zx+zy∧ (x+y)z=xz+yz.

Marc Krasner named such structure a corpoid [7] (see also notes [8,9]).
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Thus, a corpoid, in accordance with the previous representsthe homogeneous
part of a graded field, graded by an arbitrary nonempty set, with induced operations
among which the induced addition is, naturally, a partial operation, since the sum
of two homogeneous elements does not have to be homogeneous.

The notion of a corpoid results from the notion of a graded field of which the
homogeneous subsets are logically graded through the filtration of their valuation
(which can beKrull’s valuation). The ”corpoids”, called skeletons (of the corre-
sponding graded fields) have the property that the group of their grades is without
torsion.

Furthermore, the commutativity of the valued field implies the commutativity
of its skeleton. An overview of corpoids, skeletons and their extensions as well
as the theory of vector spaces on these structures, as published in [14], Krasner
summarized in 1954 (see [11] and [12]).

Commutative corpoids without torsion have a theory of extensions based on the
tailored construction of polynomials on these corpoids similar to (but richer than)
Steinitz’stheory of field – extension, and a goodGalois’s theory.

It is interesting that in a commutative, even in a noncommutative case (when
graded group is commutative), Krasner’s graded fields (mostly corpoids) are in-
cluded (as a special case), in the theory of graded rings in the Bourbaki sense.
However, they neither pointed that out, nor cited his papers, although, Krasner
introduced the notion of a corpoid and announced the greaterpart of the theory
related to them in 1944 ([7] and [8]), and together with proofs published in papers
[10] and [11] in 1949, i. e. 1953-54, therefore, much earlierthan Bourbaki.

3. GRADED GROUPS INKRASNER’ S SENSE

The abstract notion of a corpoid led Krasner to the development of a general
graded theory.

Krasner, starting from his corpoid and Bourbaki’s definition of graduation, giv-
ing up his hypothesis of commutativity – original unnecessary condition, discove-
red general theory of graded structures (groups, rings, modules) and together with
them the theory ofhomogroupoids – homogeneous parts of groups, anneids – ho-
mogeneous parts of rings, and moduloids – homogeneous partsof modules, where
a corpoid, as a special case of an anneid, is viewed as a homogeneous part of a
graded field [13].

However, graded fields are not to be understood as fields with graduation, but
fields are to be understood as graded fields with trivial graduation.

Note that Krasner’s approach to graduations differs from the Bourbaki approach:
Krasner did not restricts himself to the case when the set of grades∆ is a group,
but he assumed it to be only a nonempty set in which the associativity, the commu-
tativity and the existence of the neutral element is also notassumed.
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Now we will give definitions of a graded group by Krasner called non-homogeneous
aspectand of a homogroupoid which are essential notions in this part of the paper.

Definition 3.1. Let G be a multiplicative group with the neutral element e andlet
∆ be a nonempty set. A mappingγ : ∆ → Sg(G), γ(δ) = Gδ (δ ∈ ∆), such that

G=
⊕

δ∈∆
Gδ, (∗)

where Sg(G) is the set of all subgroups of G, is called a graduation by Krasner, or
grading of G1.

A group G, with graduationγ is called a graded group.
A graded group is called abelian if it is abelian as an abstract group.

The essential features of the graded groups from which some will be expressed
through the following Remarks 3.1.

1. A graduation is called strict ifGδ 6= {e}, for all δ ∈ ∆ and empty ifGδ = {e}.
2. If ∆∗ = {δ ∈ ∆ | Gδ 6= {e}}, then γ∗ = γ|∆∗ is a strict graduation ofG and is

called the strict kernel ofγ.
3. The setH = ∪δ∈∆Gδ (= ∪δ∈∆∗Gδ if G 6= {e}) is called a homogeneous part of

the graded groupG, and elementsx ∈ H are called homogeneous elements of
G. Elementsδ ∈ ∆ are called grades or degrees and the correspondingGδ are
called homogeneus components.

4. For a homogeneous elementsx 6= e, there is the uniqueα ∈ ∆∗, for which x∈
Gα, is called the grade ofx and denoted byδ(x).

5. Elemente in general does not have a degree, but if the empty grades exist, i.e.
∆ 6= ∆∗ it is useful to associate one empty grade toe, which we denote by 0,
and call it a zero grade [13]. Sometimes, when there are no empty grades, it is
useful to adjoin to∆ a special ”ideal” grade denoted 0, and to putG0 = {e}.

6. If ∆ = ∆∗∪{0}, and if we putδ(e) = 0, the graduation is called proper [13].
7. When two subgroupsGδ and Gδ ′ are different they have onlye as common

element, i.e.δ 6= δ′ ⇒ Gδ ∩Gδ ′ = {e}. So, everyx∈ H, x 6= e, belongs to one
and only oneGδ, δ ∈ ∆.

Note that from(∗) follows that subgroupsGδ,δ ∈ ∆ are normal subgroups of the
groupG, and so elementsx∈ Gδ andx′ ∈ Gδ ′ commute forδ 6= δ′.

Another important property of Krasner’s graded structuresis that these struc-
tures are characterized by both the underlying abstract group and the homogeneous
part (or even only by the homogeneous part) equipped with theoperation(s) in-
duced by operation(s) of the structure as well as that characterization axioms give
a way to three study methods of graded structures in principle equivalent:i) the
non-homogeneous; ii ) the semi-homogeneous; and iii ) the homogeneous method,
which is not defined for Bourbaki’s graded structures.

1Although with multiplicative operation, the direct product (restricted) will be denoted by
⊕

(Kurosh, [19]).
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Definition 3.2. [13] Let G be a graded group with two graduations:

γ : ∆ → Sg(G),γ(δ) = Gδ (δ ∈ ∆) and γ ′ : ∆′ → Sg(G),γ ′(δ′) = Gδ ′(δ′ ∈ ∆′).

We say that these graduations are:

i) equivalent if there exists a bijective mapping

ϕ : ∆∗ → ∆′∗ such thatγ ′(ϕ(δ)) = γ(δ) (∀δ ∈ ∆)
holds, i.e. if its proper parts are equal to the names of grades.

ii ) weakly equivalent if their strict kernels are equivalent.

Obviously, strict graduations are determined up to an equivalence by the set
{Gδ|δ ∈ ∆}, while graduations are determined up to the weak equivalence by the
set{Gδ|δ ∈ ∆∗}.

The homogeneous partH of a groupG, together with the group structure ofG,
determines a corresponding graduation up to a weak equivalence. Indeed, if

a∈ H∗ = H\{e},b∈ H, and if a∈ Gδ, then b∈ Gδ iff ab∈ H.

Hence, if fora∈ H∗, we defineG(a) = {x∈ H | ax∈ H}, then sets

{Gδ|δ ∈ ∆∗} and{G(a)|a∈ H∗} are coincides.

This observation was for M. Krasner a motivation for defininga graded group
from semi-homogeneous aspectas an ordered pair(G,H), whereH ⊆ G is the
homogeneous part with respect to some graduation ofG, in the previous sense.

This, however, required the characterisation of the homogeneous part with the
following system of six axioms:

Theorem 3.1. [13] A nonempty subset H of a group G is the homogeneous part
of G with respect to some graduation of G if and only if the following conditions
are satisfied:

i) e∈ H;
ii ) x∈ H ⇒ x−1 ∈ H;
iii ) x,y,z,xy,yz∈ H and y 6= e⇒ xz∈ H;
iv) x,y∈ H and xy/∈ H ⇒ xy= yx;
v) H generates G;
vi) If n ≥ 2 and if x1,x2, . . . ,xn ∈ H are such that for all i, j, 1≤ i, j ≤ n, i 6= j, we

have xix j /∈ H, then x1x2 · · ·xn 6= e.

So, for a given pair{G,H ⊆ G}, if H satisfies the axioms i) – vi), we can re-
construct a corresponding graduation (up to an equivalence). For this reason, every
such pair{G,H} will be called a graduation (up to an equivalence).

Let G be a graded group with the homogeneous partH. Multiplicative operation
onG induces a partial operation onH. Namely, since

if x,y∈ H, then x·y is defined in H iff x·y∈ G is the element from H

and in that case the result is the same.
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In this case, we say that elementsx,y arecomposable(addible in the case of an
additive operation) and we denote it byx#y ([13], see also [15]).

It is clear that

x#y iff x,y are from the same subgroup G(a) = {x∈ H | ax∈ H}, a∈ H∗.

Such partial structures(H, ·) are calledhomogrupoids, and the corresponding
graded groupsG⊇ H are called (graded) group closures.

In the case, whenH, with the induced operation fromG is given, we may re-
constructG up toH-isomorphism. Indeed, ifa∈ H∗, thenG(a) may be defined as
G(a) = {x∈ H | a#x}.

In this caseG is the direct sum of different subgroupsG(a) andH is obviously
homogeneous part ofG. The groupG, obtained in this way, is called thelineariza-
tion of (H, ·) and we denote it byH =

⊕
a∈H∗ G(a) ([13], see also [15]).

It is natural now to define a graded group using the corresponding homogeneous
part, at least up toH-isomorphism. In order to do that, we need to characterize
the structure(H, ·) which is the homogeneous part of some graded group, with the
partial operation induced from the operation of that group.

This characterisation, by M. Krasner calledhomogeneous aspect, can be pro-
nounced in the following theorem:

Theorem 3.2. [13] The structure(H, ·) is the homogeneous part of some graded
group G with partial operation induced from that group, if and only if the following
conditions hold:

i) (∃e∈ H) (∀x∈ H) x#e and x·e= x (axiom about neutral element);
ii ) (∀x∈ H) x#x (axiom about autocomposability);
iii ) (∀x,y,z ∈ H) x#y, y#z and y6= e⇒ x#z (axiom of almost transitivity of

composability),
iv) For all a ∈ H∗, H(a) = {x∈ H | a#x} is a group with respect to operation” · ” ,

where x#y means that x·y exists.

Definition 3.3. The structure(H, ·) which satisfies conditions i) – iv) is called a
homogroupoid.

Therefore, the structures occurring are coincident (up to aH-isomorphism) with
the linearizationof the homogroupoids.

We saw that the characterisation axioms in Krasner’s gradedstructures give way
to three study methods of graded groups in principle equivalent:

1. non-homogeneous, whereG is considered as a group with determined gradua-
tion;

2. semi-homogeneous, whereG is considered as a pair{G,H} of a group and
its homogeneous partH ⊆ G, calledhomogroupoid, where a graduation of the
groupG can be reconstructed (determined up to the equivalence) using the ho-
mogeneous partH;
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3. homogeneous, where thehomogroupoid(H, ·) is considered and where its line-
arization(H, ·) can be reconstructed, i.e. the graded group for which(H, ·) is
the homogeneous part.

Analogous aspects exist for the structures richer than groups (rings and modules)
too, as well as for those structures that generalize graded structures: groups, rings,
modules, called paragraded: groups, rings, modules.

It is well known that the category of graded groups, rings andmodules and
their homogeneous parts: homogroupoids, anneids, moduloids, respectively are
not closed with respect to the direct products and the directsums, where the homo-
geneous part is the direct product of the homogeneous parts of the factors.

4. KRASNER-VUKOVI Ć’ S PARAGRADED GROUPS

Since the category of graded structures (groups, rings, modules) has no property
of closure with respect to the direct sum and the direct product, it was a motiva-
tion for M. Krasner and myself to focus on this important problem in the theory of
graded structures and we were the first who overcame it. In this way we discovered
a theory of paragraded structures [15 - 18] which are at the same time a general-
ization of the classical graduation as defined by Bourbaki [1] and an extension of
the earlier works done by M. Krasner [8 - 14] and his pupils M. Chadeyras [3] and
E. Halberstadt [5].

This section highlights a non-homogeneous aspect of the paragraded groups.

Definition 4.1. (Krasner-Vuković, see [15])Let G be a group(multiplicative),
with e as neutral element. The mappingπ :→ Sg(G), π(δ) = Gδ (δ ∈ ∆), of a
partially ordered set(∆,<), which is from bellow a complete semi-lattice and from
above inductively ordered, to the set Sg(G) of subgroups of the group G is called a
paragraduation if it satisfies the following six-axiom system:

i) π(0) = G0 = {e}, where 0= inf{∆}; δ < δ′ ⇒ Gδ ⊆ Gδ ′ ;

Remarks4.1.
1. H = ∪δ∈∆Gδ is called the homogeneous part of the group G with respect to

π, and elements x∈ H are called homogeneous elements of G.
2. If x ∈ H and ∆(x) = {δ ∈ ∆ |x ∈ Gδ}, we say thatδ(x) = inf{∆(x)} is a

grade of x. We haveδ(x) = 0 iff s x= e. Elementsδ(x),x ∈ H, are called
the principal grades and they form a set denoted by∆p which is called the
principal part of∆. Restrictionπ|∆p is called the proper kernel ofπ.

ii ) If θ ⊆ ∆, then∩δ∈∆Gδ = Ginf θ;
iii ) If x,y∈ H and yx= zxy, then z∈ H and δ(z)≤ inf(δ(x),δ(y));
iv) Homogeneous part H is a generating set of G;
v) Let A⊆ H be a subset such that, for all x,y ∈ A there exists an upper bound

for δ(x),δ(y). Then there exists an upper bound for allδ(x),x∈ A;
vi) G is generated by H with the set R of H-inner and left commutation relation:
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− xy= z (H-inner relations),
− yx= z(x,y)xy (left commutation relations).

The group with paragraduation is called paragraded group.

Definition 4.2. (Krasner-Vuković, see [15])The mappingπ from Definition4.1
which satisfies axioms i) - v) and instead vi)

vi ′) If δ1, . . . ,δs∈ ∆p are pairwise incomparable and if xi ,x′i ∈H, i = 1, . . . ,s are
such that
x1x2 . . .xs = x′1x′2 . . .x

′
s and xi ,x′i ∈ Gδ, ∀ i = 1, . . . ,s, then δ(x−1

i x′i)<δi

is called extragraduation.
The group with extragraduation is called an extragraded group.

Remark4.2. The axiomv) is equivalent to the axiom:

v ′) Let A⊆ H be a subset such that for all x,y ∈ A, we have xy∈ H. Then there
existsδ ∈ ∆ such that A∈ Gδ.

Later we will see that every extragraduation is a paragraduation.

Definition 4.3. [15] Let g⊆ H be a subgroup of G. Such a subgroup g is called
the subgroup of the homogeneous part H and the set of all subgroups of the ho-
mogeneous part H is denoted by Sg(H).

Definition 4.4. The subgroup g∈ Sg(H) is called saturated with respect toπ if

x∈ g⇒ Gδ(x) ⊆ g.

Remark4.3. [15] Every subgroupGδ, δ ∈ ∆, is saturated.

Now we will introduce some notions terminology that we will use in the proof
of the next theorem:

Definition 4.5. Every finite sequence x1, . . . ,xs of the elements from H or elements
whose inverses are from H is called a word of H.

Remark4.4. Let m be the word ofH. We can associate to wordm the product of
its elements (in given order) inG. That product is denoted by(m).

Definition 4.6. If m= x1 . . .xs is a word, then the array
d(m) = (δ(x1), . . . ,δ(xs))

is called the array of grades of that word.

Definition 4.7. The word x1 . . .xs is called reduced if for every pair xi ,x j there
exists no common upper bound of elemntsδ(xi),δ(x j), i 6= j (in other words, if for
all i , j = 1, . . . ,s, i 6= j, we have xix j /∈ H).

The following theorem is very important.

Theorem 4.1. [15] An extragraded group is a paragraded group, i.e. an extra-
graded group G is generated by H with set relations R.
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Proof. Let P be the set of elements of the formx1 . . .xs, xi ∈ H, observed as words
of H. We will assume that two words fromP are equal if they are equal as elements
of G. Let (modR) be the congruence inP, andC some class of that congruence.
It is obvious that all words fromC are equal and that two classes are equal if their
words are equal.

Suppose thatm= x1 . . .xs is a word and thatd(m) = (δ(x1), . . . ,δ(xs)) is the
array of grades of that word.

Let m= x1 . . .xs ∈C be the shortest word. We claim that it is reduced. Assume
otherwise, i.e. assume that there exist elementsxi ,x j , i < j, such thatxix j ∈ H.

Let
xixq = x′qxi , for i < q< j .

Hence,x′q ∈ H and

x1 . . .xi−1xixi+1 . . .x j . . .xs ≡ x1 . . .xi−1x′i+1xixi+2 . . .x j . . .xs (modR),

x1 . . .xi−1xixi+1 . . .x j . . .xs ≡ x1 . . .xi−1x′i+1 . . .x
′
qxixq+1 . . .x j . . .xs (modR),

and, forq= j −1

x1 . . .xi−1xixi+1 . . .x j . . .xs ≡ x1 . . .xi−1x′i+1 . . .x
′
j−1xix j . . .xs (modR) .

Since xix j ∈ H, the last word is congruent moduloR to the word y1 . . .ys−1,
whose length is less thans, where

yq = xq, i f 1≤ q< i, yq = x′q+1, i f i ≤ q< j −1, and

y j−1 = xix j , yq = xq−1, i f j ≤ q< s.

Thus, in case whenm is not a reduced word, it doesn’t belong toC and is not the
shortest one.

On the other hand, let us notice that for wordm∈C there exists a wordm′ ∈C
whose array of gradesd(m′) is obtained from the arrayd(m) = (δ1, . . . ,δs) of the
wordm= x1 . . .xs, whereδi = δ(xi), by applying an arbitrary permutation on it.

Indeed, if

1≤ i < s and xixi+1 = x′i+1xi , then the word m= x1 . . .xi−1x′i+1xixi+2 . . .xs,

has an array of grades(δ1, . . . ,δi−1,δ′i+1,δi ,δi+2, . . . ,δs) which is obtained from
d(m) by transposing arbitrary neighboring elementsδi,δi+1. The set

∆(m) = {δ(xi)| i = 1, . . . ,s} is called the set of grades of m.

Let us prove that equally reduced wordsm= x1 . . .xs andn= y1 . . .yt have the
same length, i.e. thats= t, and that the corresponding sets of grades∆1 = ∆(m)
and∆2 = ∆(n) are totaly ordered in sense that the corresponding elementsare com-
parable.

Let ∆∗ be the set of maximal elements of∆1∪∆2. Observe some total ordering
on ∆∗, with (δ∗1, . . . ,δ∗u) as the array of elements of∆∗ written with respect to the
ordering.
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If δ ∈ ∆1∪∆2 is not from∆∗, then there exist elementsδ∗i ∈ ∆∗ which are an
upper bound ofδ. Let δ∗(δ) be the first of those upper bounds.

If δ,δ′ ∈∆1∪∆2, butδ,δ′ /∈∆∗, then we cannot haveδ∗(δ) = δ∗(δ′). Namely, for
otherwise,δ andδ′ would be from one of the sets∆1,∆2 and would have a common
upper bound, which is impossible, sincem andn are reduced words.

Let δ∗(δ) = δ if δ ∈ ∆∗. Aline the elementsδ ∈ ∆1 in the same way as the
correspondingδ∗(δ) are and do the same for the elements of the set∆2. We notice
that there exist words

m′ = x′1 . . .x
′
s ≡ m (modR) and n′ = y′1 . . .y

′
s ≡ n (modR)

whose arrays of gradesd(m′) andd(n′) are the arrays of grades of elements of the
set∆1, respectively∆2 andm′ = n′.

If 1 ≤ j ≤ u,

put x j = x′i , if δ∗(δ(x′i)) = δ∗j and put x j = 1, if such i doesn’t exist,

and then, in the same way, define·elementsy j .
Since the grades of∆∗ are elements of∆p and pairwise incomparable, grades

δ∗1, . . . ,δ∗u and elementsx j ,y j , j = 1, . . . ,u satisfy the assumptionsvi ′) of Definition
4.2. On the other hand, sinceδ∗j ∈ ∆1∪∆2, one of the common upper bounds of

elementsδ(x j) , δ(y j) is δ∗j , and hence,δ(x−1
j y j) < δ∗j . However, if one of the

elementsx j ,y j equals 1, then

δ(x−1
j y j) = max{δ(x j), δ(y j)}= δ∗j ,

contrary to the previous inequality.
Hence, none of the elementsx j ,y j equals 1, and everyδ∗j has the formδ∗(δ), for

someδ ∈ ∆1. Thus, the mappingδ → δ∗(δ) is surjection, hence, bijection∆1 → ∆∗

ands= u. From the reasons,t = u. We conclude thats= t. It is clear that the
corresponding elements of sets∆1,∆2, alined in this way, are comparable.

Assume there exist equal words which are not congruent modulo R. Accord-
ing to already proven, there exist reduced words of the same length for which the
corresponding elements of their arrays of grades are comparable.

Let m = x1 . . .xs and m′ = x′1 . . .x
′
s be two such words with shortest length.

Then s≥ 2, since two words of lenght 1 are equal only if they coincide.Put
δi = max{δ(xi),δ(x′i)}. Then the wordsmand m′ satisfyvi ′) of Definition 4.2 for
arrayδ1, . . . ,δs. Hence, ify1 = x−1

1 x′1 and if we putn= x1x2 . . .xs andn′ = y1x′2 . . .x
′
s

then, since
m= m′, we have n= n′, but n 6≡ n′ (modR),

for otherwise, we would havem≡ m′ (modR), because

m≡ x1n (modR) and m′ ≡ x1n′ (modR), hence, n= x−1
1 m and n′ = x−1

1 m′.

The wordn is reduced with lengths−1.
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The wordn′ = n, cannot be reduced, since it has lengths> s−1, but it can be
proven that there exists a wordn′′ ≡ n′(modR), which is reduced, of lengths−1,
for which one can assume that the corresponding elements of arraysd(n) andd(n′′)
are comparable. Contradiction, since the least length of a word iss. �

With this we have proved that every extragraduation is at thesame time a para-
graduation.

It is known that there is a large class of extragraduations (paragraduations) which
are graduations [15]. However, there are examples of paragraduations which are
not graduations. Here we provide such class of paragraduations.

4.1. Examples of paragraduations

Example 4.1. Assume that∆ = ∆∗∪{0} is the set in which all elementsδ ∈ ∆∗ are
greater than 0 and pairwise incomparable. We thus have

inf(δ,δ′) = 0, for all δ 6= δ′ (δ,δ′ ∈ ∆∗).
Hence,

Gδ ∩Gδ ′ = {e} and, for x∈ Gδ, y∈ Gδ ′ , δ(z(x,y)) = 0 ⇒

z(x,y) = e, i.e. yx= xy.

Also, if δ1,δ2, . . .δn are distinct elements of∆∗, they are pairwise incomparable
and if

x1x2 . . .xn = x′1x′2 . . .x
′
n (xi ,x

′
i ∈ H) and δ(xi),δ(x′i)< δi (i = 1, . . . ,n),

then, according to Definition 4.2vi ′), we have

δ(x−1
i x′i)< δi ⇒ δ(x−1

i x′i) = 0, and x−1
i x′i = e ⇒ xi = x′i .

This means thatG is a direct sum

G=
⊕

δ∈∆∗
Gδ =

⊕
δ∈∆

Gδ

thus meaning that such extragraduation is a graduation whose empty grades are
assumed to be the grades ofe.

Conversely, a graduation which has all homogeneus elementswith grades is an
extragraduation with appropriate set of grades.

Example 4.2. Assume that∆ = ∆∗∪{ω,0}, where all elementsδ ∈ ∆∗ are greater
than ω, pairwise incomparable whereω > 0. Hence, if elementsδ,δ′ ∈ ∆∗, are
distinct, then

inf(δ,δ′) = ω, so, Gδ ∩Gδ ′ = Gω,

and hence
if x∈ Gδ,y∈ Gδ ′ , δ(z(x,y)) ≤ ω ⇒ z(x,y) ∈ Gω.

So, we have thatGω commutes with all elements ofGδ, for everyδ ∈ ∆∗, and
so does with all elements ofH = ∪δ∈∆∗Gδ, and sinceH is a genereting set ofG, it
commutes with all elements ofG. This implies thatGω is normal subgroup ofG.
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On the other hand, all elementsx,y∈ G commute moduloGω. Hence,

G/Gω =
⊕

δ∈∆∗
(Gδ/Gω).

This means thatG is a quasigraded group whose center isC = Gω and

E : ∆p → Sg(G) its quasigraduation.

On the other hand, it is obvious that an extragraduation of quasigraded group
has considered form.

Example 4.3. Let A be a ring and observe the ring of upper triangular matrices

R=

(

A A
A 0

)

, and let Rδ1
=

(

A 0
0 0

)

, Rδ2
=

(

0 A
0 0

)

, Rδ3
=

(

A A
0 0

)

.

If R0 =

(

0 0
0 0

)

, denote by∆ the set{0,δ1,δ2,δ3}. For convenience, letδ0 = 0.

Set∆ is a partially ordered set, which is from below complete semi-lattice and from
above inductively ordered, with respect to

δi < δ j ⇔ Rδi
⊆ Rδ j

i, j = 0,1,2,3.

It is easy to see that the mappingπ : δi → Rδi
,δi ∈ ∆, is paragraduation, but it is

not graduation, since, for instance

Rδ1 ∩Rδ3 = Rδ1 6= R0.

From these examples we saw that there are paragraduations which are and which
are not graduations.

However, each graduation is a special paragraduation. Namely, it is sufficient
that the set of empty grades is well ordered, taking the emptygrade 0 as its first
element, and after all of them to put mutually incomparable essential grades of the
given graduation.

4.2. Direct product and direct sum of paragraded groups

For the family of the paragraded groups, the direct product and the direct sum,
in the natural way, are defined. Those are, again paragraded groups, and the direct
sum is homogeneous subgroup of the direct product.

The direct product and the direct sum of the paragraded groups are extragraded
groups, if and only if all of the factors are extragraded groups. However, the direct
product of the graded groups is only extragraded group, except if it is at most one
of the factors with nontrivial graduation, that is∆α 6= {0}.

Now we will introduce the direct product and the direct sum ofpargraded groups.
Let {(Gα, ·,πα)|α ∈ A} be a family of paragraded groups with paragraduations

πα : ∆α → Sg(Gα), α ∈ A, where(∆α,<) is the set of grades of(Gα, ·,πα) and 1α
its neutral element.
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Let us observe the direct productG= ∏α∈AGα and the direct sum
⊕

α∈AGα of
paragraded groups(Gα|α ∈ A) respectively, with neutral element 1= (1α|α ∈ A).

Obviously, both, the direct product and the direct sum are groups with respect
to the operation ”·”, defined for

x= (xα|α ∈ A), y= (yα|α ∈ A) ∈ G with x·y= (xα ·yα|α ∈ A).

Next, we focus on question whether these groups are paragraded and according
to the following theorem, (formulated in [15] without proof) they are.

Theorem 4.2. Groups∏α∈AGα and
⊕

α∈AGα are paragraded with

π : ∆ = ∏
α∈A

∆α → Sg
(

∏
α∈A

)

, where π(δ) = (πα(δα)|α ∈ A) = ∏
α∈A

πα(δα),

as their paragraduation mappings.

Before passing on the proof of the aforementioned theorem, we will introduce
some more notions and prove the following lemma:

Lemma 4.3. Let ∆ = ∏α∈A ∆α be the direct product of sets∆α,α ∈ A, ordered as
follows: if δ = (δα ∈ ∆α|α ∈ A), δ′ = (δ′α ∈ ∆α|α ∈ A) ∈ ∆, then

δ ≤ δ′ ⇔ δα ≤ δ′α (∀α ∈ A) .

The set(∆,<) is then as ordered as∆α, α ∈ A.

Proof. Indeed, if∆ ⊆ ∆, then

{inf {δα|δ = (δβ |β ∈ A) ∈ ∆}|α ∈ A}= inf
δ∈∆

δ

and, ifmα, α ∈ A, is the upper bound of

{δα|δ = (δβ |β ∈ A) ∈ T} ,

whereT is the chain in∆, then m= (mα|α ∈ A) is the upper bound ofT. �

Let’s go back to proof of Theorem 4.2.

Proof. It remaines to prove that mappingπ : ∆ → Sg(G) satisfies the axiomsi) -
vi) of Definition 4.1.

π(0α ∈ ∆α|α ∈ A) = ∏
α∈A

πα(0α) = ∏
α∈A

1α = (1α|α ∈ A) = 1.

Let δ = (δα ∈ ∆α|α ∈ A), δ′ = (δ′α ∈ ∆α|α ∈ A) ∈ ∆ and δ < δ′. Then

δα < δ′α (α ∈ A), and so πα(δα)⊆ πα(δ′α), α ∈ A.

Hence,
π(δ)⊆ π(δ′)

and soi) holds.
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∆ is a partially ordered set of grades, which is from bellow a complete semi-
lattice and from above inductively ordered and

⋂

δα∈θα

Gδα = Ginf θα ⇐ θ = ∏
α∈A

θα ⊆ ∆ ,

and soii ) holds as well.
Let x,y∈ H = ∏α∈AHα and

yx= zxy, x= (xα|α ∈ A), y= (yα|α ∈ A), z= (zα|α ∈ A) .

Then we have
yαxα = zαxαyα (α ∈ A) ,

and so
zα ∈ Hα (α ∈ A) and δ(zα)≤ inf (δ(xα), δ(yα))(α ∈ A) .

It follows that
δ(z)≤ inf (δ(x),δ(y)) ,

which means thatiii ) is satisfied.
Since the setsHα are generating sets ofGα, we have thatH is the generating set

of G. Thusiv) holds.
Let A⊆ H be a subset such that

xy∈ H, x= (xα|α ∈ A), y= (yα|α ∈ A) ∈ H .

Hence,xαyα ∈ Hα (α ∈ A), and so there existsδα ∈ ∆α such thatAα ⊆ Gδα.
Thus we have

A⊆ Gδ, δ = ∏
α∈A

δα ,

andv′)⇔ v) is satisfied.
Every groupGα is generated byHα with set of relationsR, which means that the

same set of relations generatesG. �

We will now state and prove one of the main properties of paragraded groups.

Theorem 4.4. The homogeneous part H of the direct product and the direct sum
of paragraded groups is the direct product and the direct sumof corresponding
homogeneous parts respectively.

Proof. Really, letHα be a homogeneous part ofGα.α ∈ A. Then we have

H =
⋃

δ∈∆
π(δ) =

⋃

δ∈∆
(πα(δα)|α ∈ A) =

⋃

δ∈∏α∈A ∆α

(πα(δα)|α ∈ A)

= ∏
α∈A

⋃

δα∈∆α

(πα(δα)) = ∏
α∈A

Hα ,

which is contrary to the category of graded groups [13]. �
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