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THE CAUCHY PROBLEM FOR QUASILINEAR SYSTEMS OF

FUNCTIONAL DIFFERENTIAL EQUATIONS

G. A. GRIGORIAN

ABSTRACT. We use the contracting mapping principle to prove that under some

mild restrictions, the Cauchy problem for quasilinear systems of functional dif-

ferential equations with retarded arguments has a unique solution. As a con-

sequence of this result, we obtain that the Cauchy problem for linear systems

of functional differential equations with locally integrable coefficients and with

locally measurable retarded arguments has a unique solution. We show that sim-

ilar results can be obtained for the Cauchy co problem of quasilinear systems of

functional differential equations with advanced arguments.

1. INTRODUCTION

.

Let Fk(t,u11, . . . ,u1N , . . . ,unN), k = 1,n be real-valued locally integrable in t

and continuous in u11, . . . ,unN functions on [t0,∞) × R
nN , and let αk j(t),

k = 1,n, j = 1,N be real-valued locally measurable functions on [t0,∞). Con-

sider the system of functional differential equations

φ′k(t) = Fk(t,φ1(α11(t)), . . . ,φ1(α1N(t)), . . . ,φn(αn1(t)), . . . ,φn(αnN(t))), t ≥ t0,

(1.1)
k = 1,n. Let rk(t), k = 1,n be real-valued continuous functions on (−∞, t0]. By

a Cauchy problem for the system (1.1) we mean to find a real-valued continuous

vector function (φ1(t), . . . ,φn(t)) on R, which is absolutely continuous on [t0,∞),
and which satisfies (1.1) almost everywhere on [t0,∞) and the initial conditions

φk(t) = rk(t), t ≤ t0, k = 1,n. (1.2)

Throughout this paper we will assume that the following conditions are satisfied:

(L) (the Lipshits’s condition)

|Fk(t,u11, . . . ,unN)−Fk(t,v11, . . . ,vnN)| ≤ fk(t)
n

∑
m=1

N

∑
j=1

|um j−vm j|, t ≥ t0,um j,vm j ∈R,

where fk(t), k = 1,n are locally integrable functions on [t0,∞);
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(LI) (local integrability)

for any locally measurable functions ψ11(t), . . . ,ψ1N(t), . . . ,ψn1(t), . . . ,ψnN(t)
on [t0,∞) the superpositions

Fk(t,ψ11(t), . . . ,ψnN(t)), k = 1,n

are locally integrable on [t0,∞);
(Ret) (the retorsion conditions)

αk j(t)≤ t, t ≥ t0, k = 1,n, j = 1,N.

Remark 1.1. The condition (LI) is satisfied if in particular

Fk(t,u11, . . . ,unN) =
M

∑
m=1

fkm(t)gkm(u11, . . . ,unN), t ≥ t0, u11, . . . ,unN ∈ R

where fkm(t), k = 1,n, m = 1,M are locally integrable functions on [t0,∞),
gkm(u11, . . . ,unN), k = 1,n, m = 1,M are continuous functions on R

nN .

Let Gk(t,u11, . . . ,u1N , . . . ,unN), k = 1,n be real-valued locally integrable in t

and continuous in u11, . . . ,unN functions on (−∞,τ0]×R
nN , and let βk j(t), k =

1,n, j = 1,N be real-valued locally measurable functions on (−∞,τ0]. Consider

the system of functional differential equations

φ′k(t) = Gk(t,φ1(β11(t)), . . . ,φ1(β1N(t)), . . . ,φn(βn1(t)), . . . ,φn(βnN(t))), t ≤ τ0,

(1.3)
k = 1,n. Let sk(t), k = 1,n be real-valued continuous functions on (−∞, t0]. By

a Cauchy co problem for the system (1.3) we mean to find a real-valued contin-

uous vector function (φ1(t), . . . ,φn(t)) on R, which is absolutely continuous on

(−∞,τ0], and which satisfies (1.3) almost everywhere on (−∞,τ0] and the terminal

conditions
φk(t) = sk(t), t ≥ τ0, k = 1,n. (1.4)

Throughout this paper we will assume that the following conditions are satisfied:

(L∗) (the Lipshits’s condition)

|Gk(t,u11, . . . ,unN)−Gk(t,v11, . . . ,vnN)| ≤ hk(t)
n

∑
m=1

N

∑
j=1

|um j−vm j|, t ≥ t0,um j,vm j ∈R,

where hk(t), k = 1,n are locally integrable functions on (−∞,τ0];
(LI∗) (local integrability)

for any locally measurable functions ψ11(t), . . . ,ψ1N(t), . . . ,ψn1(t), . . . ,ψnN(t)
on (−∞,τ0] the superpositions

Gk(t,ψ11(t), . . . ,ψnN(t)), k = 1,n

are locally integrable on (−∞,τ0];
(Adv) (the advance conditions)

βk j(t)≥ t, t ≤ τ0, k = 1,n, j = 1,N.



THE CAUCHY PROBLEM FOR QUASILINEAR SYSTEMS OF FUNCTIONAL DIFFERENTIAL...267

Functional differential equations and systems of such equations appear in var-

ious areas of natural science, such as in Economics (see, e.g. [1-6]), in proba-

bility theory (see, e.g., [7-9]), in Biology (see, e.g., the predator-prey model of

Volterra [11, p. 3], the model of circumnutation of plants [11, p.3], the model

of dynamics of individuals, infected by gonorrhea [11, p. 4]), in electrodynam-

ics [11, p. 7], so on. Therefore the qualitative study of functional differential

equations is very actual. For a qualitative study of the solutions of these equa-

tions and systems of such equations the main focus is on the study of the case

when the studying solution is continuable on the whole semi axis. Therefore, the

study of the Cauchy problem (1.1), (1.2) (the Cauchy co problem (1.3), (1.4)) is

very actual as well. Probably the Cauchy problem is studied systematically and

solved for linear systems of functional differential equations with coefficients from

wide classes of functions but with specified deviations of the argument of the form

t+ξk, ξk = const, k = 1,2, . . . (see, e.g., [11, 12]) and for some particular classes

of equations with deviations of the argument from wide classes of functions (see,

e.g., [12-14]). However, probably, in most of cases the global existence of solutions

of studying equations and (or) systems of equations is only assumed, consequently

making this way their results conditional (see, e.g., [15-25]).

In this way we show that the Cauchy problem (1.1), (1.2) (as well as the Cauchy

co problem (1.3), (1.4)) under some mild restrictions has a unique solution, which

weakens (to some extent) the conditionality of some results, in which the global

existence of solutions of studying equations and systems of equations is only as-

sumed.

2. AUXILIARY PROPOSITIONS

Let t0 ≤ t1 < t2 < ∞ and let ψ1(t), . . . ,ψn(t) be real-valued continuous functions

on (−∞, t2]. Denote by ACn
ψ1,...,ψn

[t1, t2] the set of all real-valued continuous vec-

tor functions x(t) ≡ (x1(t), . . . ,xn(t)) on (−∞, t2] such that x(t) is absolutely con-

tinuous on [t1, t2] and xk(t) = ψk(t), t ≤ t1, k = 1,n. Obviously, ACn
ψ1,...,ψn

[t1, t2]

is a closed (full) metric space with the distance ρ(x, t) ≡
n

∑
k=1

max
t∈[t1 ,t2]

|xk(t)− yk(t)|

between its elements x(t) ≡ (x1(t), . . . ,xn(t)), y(t) ≡ (y1(t), . . . ,yn(t)). For any

x(t) ≡ (x1(t), . . . ,xn(t)) ∈ ACn
ψ1,...,ψn

[t1, t2] set

(Iψ1,...,ψn,t1,t2 x)(t) ≡

{
x(t), t ≤ t1
((I1,ψ1,...,ψn,t1,t2 x)(t), . . . ,(In,ψ1,...,ψn,t1,t2 x)(t)), t ∈ [t1, t2],

where (Ik,ψ1,...,ψn,t1,t2 x)(t) ≡ ψk(t1)+

+
t∫

t1

Fk(τ,x1(α11(τ)), . . . ,x1(α1N(τ)), . . . ,xn(αn1(τ)), . . . ,xn(αnN(τ)))dτ, t ∈ [t1, t2],

k = 1,n. Obviously under the restrictions (LI) and (Ret), the operator Iψ1,...,ψn,t1,t2

is a mapping from ACn
ψ1,...,ψn

[t1, t2] into itself.
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Theorem 2.1. Let the conditions (L), (LI) and (Ret) be satisfied. If

N
n

∑
k=1

t2∫
t1

fk(τ)dτ < 1, then Iψ1,...,ψn,t1,t2 is a contracting mapping in ACn
ψ1,...,ψn

[t1, t2].

Proof. It follows from (L) and (LI) that for every x(t) ≡ (x1(t), . . . ,xn(t)), y(t) ≡
(y1(t), . . . ,yn(t)) ∈ ACn

ψ1,...,ψn
[t1, t2] the following chain of relations is valid.

ρ(Iψ1,...,ψn,t1,t2 x, Iψ1,...,ψn,t1,t2 y) =
n

∑
k=1

max
t∈[t1 ,t2]

∣∣∣∣
t∫

t1

Fk(τ,x1(α11(τ)), . . . ,xn(αnN(τ)))dτ−

−

t∫

t1

Fk(τ,y1(α11(τ)), . . . ,yn(αnN(τ)))dτ

∣∣∣∣ ≤
n

∑
k=1

max
t∈[t1 ,t2]

t∫

t1

fk(τ)×

×

{
n

∑
m=1

N

∑
j=1

|xm(αm j(τ))− ym(αm j(τ))|

}
dτ ≤

n

∑
k=1

t2∫

t1

fk(τ)dτD(x,y), (2.1)

where D(x,y) ≡ max
τ∈[t1 ,t2]

n

∑
m=1

N

∑
j=1

|xm(αm j(τ))− ym(αm j(τ))|. From (Ret) it follows

that D(x,y)≤ Nρ(x,y). This together with (2.1) implies that

ρ(Iψ1,...,ψn,t1,t2 x, Iψ1,...,ψn,t1,t2 y)≤ N
n

∑
k=1

t2∫
t1

fk(τ)dτρ(x,y). Therefore, if

N
n

∑
k=1

t2∫
t1

fk(τ)dτ < 1, then Iψ1,...,ψn,t1 ,t2 is a contracting mapping in ACn
ψ1,...,ψn

[t1, t2].

The theorem is proved. �

Let −∞ < t1 < t2 ≤ τ0 and let χ1(t), . . . ,χn(t) be real-valued continuous func-

tions on [t2,+∞). Denote by ACn∗
χ1,...,χn

[t1, t2] the set of all real-valued continuous

vector functions x(t)≡ (x1(t), . . . ,xn(t)) on [t1,∞) such that x(t) is absolutely con-

tinuous on [t1, t2] and xk(t) = χk(t), t ≥ t2, k = 1,n. Obviously, ACn∗
χ1,...,χn

[t1, t2]

is a closed (full) metric space with the distance ρ(x, t) ≡
n

∑
k=1

max
t∈[t1 ,t2]

|xk(t)− yk(t)|

between its elements x(t) ≡ (x1(t), . . . ,xn(t)), y(t) ≡ (y1(t), . . . ,yn(t)). For any

x(t) ≡ (x1(t), . . . ,xn(t)) ∈ ACn∗
ψ1,...,ψn

[t1, t2] set

(Jχ1,...,χn,t1,t2 x)(t) ≡

{
x(t), t ≥ t2,

((J1,χ1 ,...,χn,t1,t2 x)(t), . . . ,(Jn,χ1,...,χn,t1,t2 x)(t)), t ∈ [t1, t2],

where (Jk,χ1 ,...,χn,t1,t2 x)(t) ≡ χk(t2)+

+
t2∫
t

Gk(τ,x1(β11(τ)), . . . ,x1(β1N(τ)), . . . ,xn(βn1(τ)), . . . ,xn(βnN(τ)))dτ, t ∈ [t1, t2],

k = 1,n. Obviously under the restrictions (LI∗) and (Adv) the operator Jχ1,...,χn,t1,t2

is a mapping from ACn∗
ψ1,...,ψn

[t1, t2] into itself. By analogy to the proof of Theorem

2.1 we can prove the following theorem.
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Theorem 2.2. Let the conditions (L∗), (LI∗) and (Adv) be satisfied. If

N
n

∑
k=1

t2∫
t1

hk(τ)dτ < 1, then Jχ1,...,χn,t1,t2 is a contracting mapping in ACn∗
ψ1,...,ψn

[t1, t2].

3. MAIN RESULTS.

By a solution of the system (1.1) on [t1, t2) (t0 ≤ t1 < t2 ≤ ∞) we mean a real-

valued continuous vector function (φ1(t), . . . ,φn(t)) on (−∞, t2), which is abso-

lutely continuous on [t1, t2) and satisfies (1.1) almost everywhere on [t1, t2).

Definition 3.1. An interval [t0,T ) (t0 < T ≤ ∞) is called the maximum existence

interval for a solution Φ(t) of the system (1.1), if Φ(t) exists on [t0,T ) and cannot

be continued to the right from T as a solution of (1.1).

Theorem 3.1. Let the conditions (L), (LI) and (Ret) be satisfied. Then the Cauchy

problem (1.1), (1.2) has a unique solution.

Proof. Since fk(t), k = 1,n are locally integrable chose t1 > t0 so close to t0
that

N
n

∑
k=1

t1∫

t0

fk(τ)dτ < 1.

Then by Theorem 2.1 it follows from (L), (LI) and (Ret) that the operator Ir1,...,rn,t0,t1

is a contracting mapping in ACn
r1,...,rn

[t0, t1]. Therefore, according to the contract-

ing mapping principle, the operator Ir1,...,rn,t0,t1 has a unique fixed point Φ(t) ≡
(φ1(t), . . . ,φn(t)) in ACn

r1,...,rn
[t0, t1], which is a solution of the system (1.1) on

[t0, t1), satisfying the initial conditions φk(t) = rk(t), t ≤ t0, k = 1,n. It follows

from here that Φ(t) has a maximum existence interval. Let [t0,T ) be that interval.

We will show that
T = ∞. (3.1)

Suppose
T < ∞. (3.2)

Chose ε > 0 so small that

N
n

∑
k=1

T+ε∫

T−ε

fk(τ)dτ < 1.

Then by Theorem 2.1 it follows from (L), (LI) and (Ret) that Iφ1,...,φn,T−ε,T+ε is

a contracting mapping in ACn
r1,...,rn

[T − ε,T + ε], and, according to the contracting

mapping principle, has a unique fixed point Φ̃(t)≡ (φ̃1(t), . . . , φ̃n(t)) in ACn
r1,...,rn

[T −
ε,T + ε], which is a solution of the system (1.1) on [T − ε,T + ε), satisfying the

initial conditions
φ̃k(t) = φk(t), t ≤ T − ε, k = 1,n.

This means (since Φ̃(t) is the unique) that Φ̃(t) coincides with Φ(t) on (−∞,T ]
and is a continuation of Φ(t) on (−∞,T + ε] as a solution of the system (1.1) on
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[t0,T + ε), which contradicts (3.2). The obtained contradiction proves (3.1). So, to

complete the proof of the theorem it remains to show the uniqueness of Φ(t). Sup-

pose there exists another solution Ψ(t) ≡ (ψ1(t), . . . ,ψn(t)) to the problem (1.1),

(1.2), different from Φ(t) . Then there exist t0 ≤ T1 < T2 < ∞ such that

Φ(t) = Ψ(t), t ≤ T1, Φ(t) 6= Ψ(t), t ∈ (T1, t2). (3.3)

Without loss of generality we may assume that

N
n

∑
k=1

T2∫

T1

fk(τ)dτ < 1.

Then by virtue of Theorem 2.1 and the contracting mapping principle the operator

Iφ1,...,φn,T1,T2
has the unique fixed point (v1(t), . . . ,vn(t)) in ACn

r1,...,rn
[T1,T2], which

is a unique solution of the system (1.1) on [T1,T2), satisfying the initial conditions

vk(t) = φk(t), t ≤ T1, k = 1,n.

We obtain a contradiction with (3.3). The obtained contradiction completes the

proof of the theorem.

Let ak jm(t), bk(t), k, j = 1,n, m = 1,N be real-valued locally integrable func-

tions on [t0,∞). Consider the linear system of functional differential equations

φ′k(t) =
n

∑
j=1

N

∑
m=1

ak jm(t)φ j(α jm(t))+bk(t), t ≥ t0, k = 1,n. (3.4)

This system is a particular case of (1.1), for which the conditions (L) and (LI) are

satisfied. Then from Theorem 3.1 we immediately obtain

Corollary 3.1. Let (Ret) be satisfied. Then the Cauchy problem (3.4), (1.2) has a

unique solution.

Using Theorem 2.2 instead of Theorem 2.1 by analogy to the proof of Theorem

3.1 we can prove the following theorem.

Theorem 3.2. Let the conditions (L∗), (LI∗) and (Adv) be satisfied. Then the

Cauchy co problem (1.3), (1.4) has a unique solution.

Let ck jm(t), dk(t), k, j = 1,n, m = 1,N be real-valued locally integrable func-

tions on (−∞,τ0]. Consider the linear system of functional differential equations

φ′k(t) =
n

∑
j=1

N

∑
m=1

ck jm(t)φ j(β jm(t))+dk(t), t ≤ τ0, k = 1,n. (3.5)

This system is a particular case of (1.3), for which the conditions (L∗) and (LI∗) are

satisfied. Then from Theorem 3.2 we immediately obtain the following corollary.

Corollary 3.2. Let (Adv) be satisfied. Then the Cauchy co problem (3.5), (1.4) has

a unique solution.
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