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ON DECOMPOSITION OF THE DIRICHLET KERNEL ON VILENKIN

GROUPS

AMIL PEČENKOVIĆ

ABSTRACT. We give a useful decomposition of the Dirichlet kernel on Vilenkin

groups.

1. INTRODUCTION

The Dirichlet kernel is an important concept in harmonic analysis on Vilenkin

groups. Indeed, it is well known (see [1]) that for a function f ∈ L1(G) we have

Sn( f ,x) =
∫

G
f (x−u) ·Dn(u)dµ(u),x ∈ G, (1.1)

where G is a Vilenkin group, µ is the normalized Haar measure on G, Dn is the

Dirichlet kernel on G, and Sn( f ,x) is the n−th partial sum of the Fourier-Vilenkin

series of the function f . So, (1.1) shows that the properties of the Dirichlet ker-

nel affect the properties of the sequence (Sn( f ,x))∞
n=0. But, one of the main ques-

tions in harmonic analysis on Vilenkin groups is whether (Sn( f ,x))∞
n=0 converges

in some sense to f (and under which conditions on f ).

Some properties of the Dirichlet kernel on the dyadic group are given in [5], [9],

and on Vilenkin groups are given in [1], [3], [8], [10]. In [4] the author introduced

the Dirichlet kernel of the Vilenkin-like orthonormal system, which is a general-

ization of the Vilenkin system. In [7] we studied the Dirichlet kernel on the group

of 2-adic integers (which is an example of a Vilenkin group).

2. PRELIMINARIES

Let us denote with N the set of nonnegative integers.

For a positive integer n define

Zn := {0,1, . . . ,n−1}.

We shall endow Zn with the discrete topology as well with the operation of addition

modulo n.

Let (mi)
∞
i=0 be a sequence of positive integers which satisfies mi ≥ 2,∀i ∈N.

Define
G :=

∞

∏
i=0

Zmi
.
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We shall endow G with the product topology and with the component-wise ad-

dition.

Then (see [1]) G is a Vilenkin group.

In particular, if mi = 2 for all i ∈ N, we call G the dyadic group.

Define the sequence of integers (Mi)
∞
i=0 by

M0 := 1,Mi+1 := mi ·Mi, i ≥ 0. (2.1)

It is known (see [1]) that each n ∈ N can be expressed as

n =
∞

∑
i=0

ni ·Mi,ni ∈ {0,1, . . . ,mi −1} (2.2)

in a unique way. We’ll call (2.2) the representation of n.

Define
I0 := G, In := {(xi)

∞
i=0 ∈ G | x0 = · · ·= xn−1 = 0}. (2.3)

Then {In|n ∈N} is a family of both open and closed sets which satisfies

I0 ⊇ I1 ⊇ . . . In ⊇ . . . . (2.4)

It is known (see [1], [6]) that there is a unique Haar measure µ on G such that

µ(G) = 1.

For k ∈ N define

rk(x) := e
2πixk

mk ,x = (xi)
∞
i=0 ∈ G. (2.5)

For n ∈ N define

ψn(x) :=
∞

∏
k=0

r
nk

k (x),x ∈ G.

It is known (see [1]) that (ψn)
∞
n=0 is an orthonormal system on G, i.e. it satisfies∫

G
ψn(x)ψm(x)dµ(x) = δm,n,m,n ∈ N,

where δm,n is the Kronecker symbol. The system (ψn)
∞
n=0 is called a Vilenkin

system.

The Dirichlet kernel is defined by

D0 := (x) = 0,Dn(x) :=
n−1

∑
i=0

ψi(x),n ≥ 1.

It is known (see [1], [2]) that for each n ∈ N

DMn
(x) =

{

Mn, x ∈ In,

0, x 6∈ In.
(2.6)

It is also known (see [2]) that

Dn(x) = ψn(x) ·

(

∞

∑
k=0

DMk
(x) ·

mk−1

∑
s=mk−nk

rk
s(x)

)

,x ∈ G,n ∈N, (2.7)

where n = ∑∞
k=0 nk ·Mk is the representation of n.
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The sequence (ei)
∞
i=0 of elements in G is defined as

ei := (δ j,i)
∞
j=0, i ∈ N, (2.8)

where δ j,i denotes the Kronecker symbol.

The characteristic function of the set A will be denoted with χA.

The support of a function f : G → C will be defined by

supp( f ) := {x ∈ G : f (x) 6= 0}.

3. RESULTS

For j ∈ N define

y j :=
∞

∑
i=0

ji · ei,

where j = ∑∞
i=0 ji ·Mi is the representation of j.

Lemma 3.1. Let j ∈ N. Suppose

j =
∞

∑
i=0

ji ·Mi, ji ∈ {0,1, . . . ,mi −1} (3.1)

is the representation of j. Then:

i) For each positive integer k

j ≤ Mk −1 ⇔ y j = j0 · e0 + j1 · e1 + . . .+ jk−1 · ek−1. (3.2)

ii) For each positive integer k, the function

fk : {0,1, . . . ,Mk−1}→{α0 ·e0+ . . .αk−1 ·ek−1 : αi ∈{0,1, . . . ,mi−1}, i= 0,k−1}

defined by

fk( j) =
k−1

∑
i=0

ji · ei,∀ j =
∞

∑
i=0

jiMi ∈ {0,1, . . . ,Mk −1} (3.3)

is bijective.

Notice that (3.3) is equivalent to fk( j) = y j, j = 0,Mk −1.

iii) For each positive integer k

G =
Mk−1⊎

j=0

(y j + Ik). (3.4)

iv) For each k, j ∈ N

y j ∈ Ik ⇔ j ≡ 0 (mod Mk). (3.5)

In particular,

y j ∈ Ik\Ik+1 ⇔ j ≡ 0 (mod Mk)∧ j 6≡ 0 (mod Mk+1).

Proof.

i) If j ≤ Mk−1, then obviously ji = 0 for i ≥ k. Conversely, if y j = j0 ·e0+ . . .+
jk−1 · ek−1, we get
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j =
k−1

∑
i=0

jiMi ≤
k−1

∑
i=0

(mi −1)Mi =
k−1

∑
i=0

(Mi+1 −Mi) = Mk −1,

where we used (2.1).

ii) The function fk is well defined because of (3.1) and (3.2). Obviously, fk is

bijective.

iii) Using (2.3) we get

G =
m0−1⊎
α0=0

· · ·
mk−1−1⊎
αk−1=0

(α0 · e0 + · · ·+αk−1 · ek−1 + Ik). (3.6)

Now, (3.4) follows from (3.6) and claim ii) of this Lemma.

iv) If y j ∈ Ik, then (2.3) implies j0 = · · ·= jk−1 = 0. Therefore,

j =
∞

∑
i=k

ji ·Mi ≡ 0 (mod Mk).

Conversely, if j ≡ 0 (mod Mk), then

k−1

∑
i=0

jiMi ≡
∞

∑
i=0

jiMi = j ≡ 0 (mod Mk).

But, since

0 ≤
k−1

∑
i=0

jiMi ≤
k−1

∑
i=0

(mi −1)Mi = Mk −1,

we get j0 = · · ·= jk−1 = 0. Therefore, (3.5) holds. �

Lemma 3.2. For each n,k ∈ N

DMn
= Mn ·

mn−1

∑
s0=0

mn+1−1

∑
s1=0

· · ·
mn+k−1

∑
sk=0

χs0en+s1en+1+...+sken+k+In+k+1
, (3.7)

where the supports of characteristic functions appearing on the right side of (3.7)

are pairwise disjoint.

Proof. By applying (2.3) and (2.8) we get

In =
mn−1⊎
s0=0

mn+1−1⊎
s1=0

· · ·
mn+k−1⊎

sk=0

(s0en + s1en+1 + . . .+ sken+k + In+k+1) (3.8)

for all n,k ∈N.

Therefore, using (2.6) we have

DMn
= Mn ·χIn

= Mn ·
mn−1

∑
s0=0

mn+1−1

∑
s1=0

· · ·
mn+k−1

∑
sk=0

χs0en+s1en+1+...+sken+k+In+k+1
.

Disjointness of supports of the functions appearing on the right side of (3.7) follows

from (3.8). �
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Lemma 3.3. For each n, l,k ∈N and each x ∈ G

DMn
(x) · rl

n(x) =
Mn+k+1−1

∑
j=0

a j(n, l,k) ·DMn+k+1
(x− y j),

where a j(n, l,k), j = 0,Mn+k+1 −1 are constants.

Proof. Using Lemma 3.2 we get

DMn
(x)rl

n(x) = Mn ·
mn−1

∑
s0=0

mn+1−1

∑
s1=0

· · ·
mn+k−1

∑
sk=0

rl
n(x)χs0en+s1en+1+...+sken+k+In+k+1

(x),

(3.9)

for each x ∈ G and each n, l,k ∈N.

By applying (2.5) we have

rl
n(x) ·χs0en+...+sken+k+In+k+1

(x) = e
2πis0 l

mn χs0en+...+sken+k+In+k+1
(x) (3.10)

for all x ∈ G.

Besides, using (2.6) we get

χs0en+...+sken+k+In+k+1
(x) =

1

Mn+k+1

DMn+k+1
(x− (s0en + . . .+ sken+k)) (3.11)

for all x ∈ G and all si ∈ {0,1, . . . ,mn+i −1}, i = 0,k.

Now, combining (3.9), (3.10) and (3.11) gives us

DMn
(x)rl

n(x) =
mn−1

∑
s0=0

mn+1−1

∑
s1=0

· · ·
mn+k−1

∑
sk=0

Mn · e
2πs0l

mn

Mn+k+1

DMn+k+1
(x− (s0en + . . .+ sken+k)).

Finally, this and claim i) of Lemma 3.1 gives us the claim of this Lemma. �

Theorem 3.1. Let n be a positive integer and

n = nk1
Mk1

+ . . .+nkl
Mkl

be the representation of n, where 0 ≤ k1, ki < k j for i < j, and nki
∈ {1, . . . ,mki

−

1}, i = 1, l. Then

Dn(x) = ψn(x)

(

Mkl
−1

∑
j=0

an, j ·DMkl
(x− y j)

)

,x ∈ G, (3.12)

where an, j, j = 1,Mkl
−1 are constants, and an,0 is a function on G. Moreover, we

have:

i) If j 6≡ 0 (mod Mk1
), then an, j = 0,

ii) If j ≡ 0 (mod Mkp
), j 6≡ 0 (mod Mkp+1

) for some p ∈ {1, . . . , l −1}, then

an, j =
1

Mkl

p−1

∑
i=1

nki
Mki

+
Mkp

Mkl

mkp−1

∑
s=mkp−nkp

e
2πisa
mkp ,
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where a =
j (mod Mkp+1)

Mkp
. In particular, if j ≡ 0 (mod Mkp+1), then

an, j =
1

Mkl

p

∑
i=1

nki
Mki

,

iii)

an,0(x) =
1

Mkl

l−1

∑
i=1

nki
Mki

+

mkl
−1

∑
s=mkl

−nkl

e

2πixkl
s

mkl ,x ∈ Ikl
.

Proof. From (2.7) we have

Dn(x) = ψn(x)

(

l

∑
i=1

DMki
(x) ·

mki
−1

∑
s=mki

−nki

rs
ki
(x)

)

.

Applying Lemma 3.3 to each of the functions DMki
(x) · rs

ki
(x), i ∈ {1, . . . , l − 1},

s ∈ {mki
−nki

, . . . ,mki
−1} gives us for each x ∈ G

l−1

∑
i=1

DMki
(x) ·

mki
−1

∑
s=mki

−nki

rs
ki
(x) = b0 ·DMkl

(x− y0)+

Mkl
−1

∑
j=1

an, j ·DMkl
(x− y j),

where b0,an, j, j = 1,Mkl
−1 are constants. Therefore,

l

∑
i=1

DMki
(x)

mki
−1

∑
s=mki

−nki

rs
ki
(x) = an,0(x) ·DMkl

(x− y0)+

Mkl
−1

∑
p=1

an,p ·DMkl
(x− yp),

(3.13)

for all x ∈ G, where an, j, j = 1,Mkl
−1 are constants.

On the other hand, using (2.6) and the fact that y j + Ikl
is closed we conclude

that the support of the function DMkl
(x− y j) satisfies

supp(DMkl
(·− y j)) = y j + Ikl

, j ∈ {0,1, . . . ,Mkl
}. (3.14)

Besides, using claim iii) of Lemma 3.1 we have

G =

Mkl
−1⊎

j=0

(y j + Ikl
). (3.15)

Let’s take j ∈ {1,2, . . . ,Mkl
− 1} arbitrary and fix it. If we put x = y j into (3.13)

and take into account (3.14) and (3.15), we get

an, j ·Mkl
=

l

∑
i=1

DMki
(y j) ·

mki
−1

∑
s=mki

−nki

rs
ki
(y j). (3.16)

Now, we consider two cases:
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i) j 6≡ 0 (mod Mk1
).

Then, using (2.4) and claim iv) of Lemma 3.1 gives us

y j 6∈ Ik1
⊇ Ik2

. . .⊇ Ikl
.

This together with (2.6) implies

DMk1
(y j) = · · ·= DMkl

(y j) = 0. (3.17)

Now, combining (3.17) with (3.16) gives us an, j = 0.

ii) j ≡ 0 (mod Mkp
), j 6≡ 0 (mod Mkp+1

) for some 1 ≤ p ≤ l −1.

Therefore, the representation of j is

j =
∞

∑
i=kp

ji ·Mi, ji ∈ {0,1, . . . ,mi −1},∀i ≥ kp.

Put a := jkp
. Notice that a =

j (mod Mkp+1)

Mkp
. Using claim iv) of Lemma 3.1 we

conclude y j ∈ Ikp
, y j 6∈ Ikp+1

. Applying (2.6) gives us

DMki
(y j) = Mki

,∀i ∈ {1, . . . , p},DMki
(y j) = 0,∀i ∈ {p+1, . . . , l}. (3.18)

Combining (3.18) with (3.16) gives us

an, j ·Mkl
=

p

∑
i=1

Mki
·

mki
−1

∑
s=mki

−nki

rs
ki
(y j). (3.19)

On the other hand, using (2.5) and the fact y j ∈ Ikp
, we get

rk1
(y j) = · · ·= rkp−1

(y j) = 1, a rkp
(y j) = e

2πia
mkp .

This together with (3.19) gives us

an, j =
1

Mkl

p−1

∑
i=1

nki
Mki

+
Mkp

Mkl

mkp−1

∑
s=mkp−nkp

e
2πisa
mkp .

Now, let’s assume x ∈ Ikl
. Since y0 = (0)∞

n=0, we have

x ∈ y0 + Ikl
. (3.20)

From (3.20) and (3.15) we get

x 6∈ y j + Ikl
,∀ j ∈ {1,2, . . . ,Mkl

−1}. (3.21)

Finally, (3.21), (3.13) and (3.14) imply

an,0(x) ·Mkl
=

l

∑
i=1

DMki
(x) ·

mki
−1

∑
s=mki

−nki

rs
ki
(x)

=
l−1

∑
i=1

nki
Mki

+Mkl

mkl
−1

∑
s=mkl

−nkl

e

2πixkl
s

mkl ,
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where we have used DMki
(x) = Mki

, i = 1, l, and

rk1
(x) = · · ·= rkl−1

(x) = 1,rkl
(x) = e

2πixkl
s

mkl (since x ∈ Ikl
). �

Remark 3.1. From (3.14) and (3.15) we see that (3.12) gives us a decomposition

of the Dirichlet kernel Dn into the sum of functions with disjoint supports.

Remark 3.2. We can define the function an,0 in an arbitrary way outside the set Ikl
,

because of (3.12) and the fact that DMkl
vanishes outside the set Ikl

.
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[8] M. Pepić, About characters and the Dirichlet kernel on Vilenkin groups, Sarajevo J. Math. 4

(2008), no. 1, 109-123.

[9] F. Schipp, W.R. Wade, P. Simon, Walsh series. An introduction to dyadic harmonic analysis,

Adam Hilger, Bristol, 1990.

[10] N. Ya. Vilenkin, On a class of complete orthonormal systems, Amer. Math. Soc. Transl. 28

(1963), no. 2, 1-35.

(Received: October 07, 2021)

(Revised: October 20, 2022)

Amil Pečenković
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