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Abstract. We wish to use Krasner graded [20] and Krasner-Vuković
paragraded structures [22], [34] on differential operators and quasimod-
ular forms on classical groups and show that these structures provide a
tool to construct p-adic measures and p-adic L-functions on the corre-
sponding non-archimedean weight spaces.

An approach to constructions of automorphic L-functions on unitary
groups and their p-adic analogues is presented. For an algebraic group
G over a number field K these L functions are certain Euler products
L(s, π, r, χ).

We present a method using arithmetic nearly-holomorphic forms and
general quasi-modular forms, related to algebraic automorphic forms. It
gives a technique of constructing p-adic zeta-functions via quasi-modular
forms and their Fourier coefficients.

Introduction

Let p be a prime number. Our purpose is to indicate a link of Krasner
graded [20] and Krasner-Vuković paragraded structures [22], [34] and con-
structions of p-adic L-functions via distributions and quasi-modular forms
on classical groups.
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Krasner’s graded structures are flexible and well adapted to various ap-
plications, e.g. the rings and modules of differential operators on classical
groups and non-archimedean weight spaces.

Nearly holomorphic modular forms (in the sense of Shimura) arise natu-
rally when one wants to study L-values for arithmetic automorphic forms by
using some kind of Rankin-Selberg method (i.e. using an integral represen-
tation involving some Eisenstein series; this includes the doubling method).
The constant terms of such nearly holomorphic modular forms are called
quasi-modular forms. Typically these quasi-modular forms are simpler, their
Fourier expansion is easier to understand (but they do not satisfy simple
transformation properties). The aim of the paper is to describe, how one
can use the quasi-modular forms for p-adic interpolation, using recent results
of Ichikawa [13], [14].

The essential part of the paper is in Section 3, the other sections describe
the general background.

1. Automorphic L-functions and their p-adic analogues

Our main objects in this paper are automorphic L-functions and their
p-adic analogues.

1.1. Krasner grade components for proving Kummer-type congru-
ences for L and zeta-values.

Graded groups in the sense of Krasner.

Definition 1.1. Let G be a multiplicative group with the neutral element
1. A graduation of G is a mapping γ : ∆ → Sg(G), δ ∈ ∆ of a set ∆ ”the
set of grades of γ ”) to the set Sg(G) of subgroups of G such that G is the
direct decomposition

G =
⊕
δ∈∆

Gδ, g = (gδ)δ∈∆

The group G endowed with such graduation is called graded group, and gδ
are Krasner grade components of g with grade δ.

Graded rings and modules.

Moreover, M. Krasner introduced useful notions of graded rings and mo-
dules.

Let (A;x+ y, xy) be a ring (not necessarily associative) and let γ : ∆→
Sg(A;x + y) be a graduation of its addivive group. The graduation γ is
called a graduation of a ring (A;x + y, xy) = A if, for all ξ, η ∈ ∆ there
exists a ζ ∈ ∆ such that AξAη ⊂ Aζ .



GRADED STRUCTURES AND p-ADIC GROUPS 403

1.2. Examples for p-adic groups X, and group rings. Use the Tate

field Cp = ˆ̄Qp, the completion of Q̄p, which is a fundamental object in
p-adic analysis, and thanks to Krasner we know that Cp is algebraically
closed, see [1], Thorme 2.7.1 (”Lemme de Krasner”), [19]. This famous
result allows to develop analytic functions and analytic spaces over Cp ([19],
Tate, Berkovich...). and we embed inclp : Q̄ ↪→ Q̄p.

1) Algebraically, a p-adic measure µ on X is an element of the completed
group ring A[[X]], A any p-adic subring of Cp.

2) The p-adic L-function of µ is given by the evaluation Lµ(y) := y(µ)
on the group Y = Homcont(X,C∗p) of C∗p-valued characters of X. The val-

ues Lµ(yj) on algebraic characters yj ∈ Yalg determine Lµ iff they satisfy
Kummer-type congruences.

3) Our setting: a p-adic torus T = X of a unitary group G attached to a
CM field K over Q, a quadratic extension of a totally real field F , and an
n-dimensional hermitian K-vector space V . Elements of Yalg are identified
with some algebraic characters of the torus T of the unitary group.

1.3. An extension problem. From a subset J = Yalg of classical weights
in Y = Homcont(X,C∗p), via the A-module QM of quasimodular forms, we
wish to extend continuously a given mapping L to the group ring A[Y]:

L : Yalg −→
y DA
QM
	 HA

−→ Cp, yj
`7→ L(yj), yj ∈ Yalg

(where HA a Hecke algebra, DA a ring of differential operators over A) in
such a way that the values L(yj) on yj ∈ Yalg are given by certain algebraic
L-values under the embedding inclp : Q̄ ↪→ Cp.

In the favorable (ordinary) case one extends L to all continuous func-
tions C(X,Cp), or just to locally-analytic functions Cloc−an(X,Cp) (in the
admissible case).

Advantages of the A-module QM:
1) simpler Fourier expansions (q-expansions);
2) action of D and of the ring of differential operators DA = A[D]
3) action of the Hecke algebra HA;
4) projection πα : QMα → QMα to finite rank component (”generalized

eigenvectors of Atkin’s U -operator”) for any non-zero Hecke eigenvalue α of
level p ; ` goes through QMα if U∗(`) = α∗`.

Solution (extension of L to C(X,Cp)) is given in the ordinary case by the
abstract Kummer-type congruences:

∀x ∈ X,
∑
j

βjyj(x) ≡ 0 mod pN =⇒
∑
j

βj`(yj) ≡ 0 mod pN (βj ∈ A).
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Such congruences imply the p-adic analytic continuation of the Riemann
zeta function.

For more general L-function L(f, s), of an automorphic form f one can
prove certain Kummer-type congruences using various Krasner grade com-
ponents, with respect to weights, Hecke-Dirichlet characters, eigenvalues of
Hecke operators acting on spaces automorphic forms (including Atkin-type
Up-operators), and the classical Fourier coefficients of quasi-modular forms.

It turns out that certain critical L-values L(f, s), expressed through Pe-
tersson-type product 〈f, gs〉, reduces to 〈πα(f), gs〉, where gs is an explicit
arithmetical automorphic form, α 6= 0 is a eigenvalue attached to f , and
πα(f) is the component given by the α-characteristic projection, known to
be in a fixed finite dimensional space (known for Siegel modular case, and
extends to the unitary case).

For an algebraic group G over a number field K these L functions are de-
fined as certain Euler products. More precisely, we apply our constructions
to the L-functions studied in Shimura’s book [31].

1.4. Constructions of p-adic analogues. In the general case of an irre-
ducible automorphic representation of the adelic group G(AK) there is an
L-function

L(s, π, r, χ) =
∏

pv primes inK

m∏
j=1

(1− βj,pvNp−sv )−1

where

m∏
j=1

(1− βj,pX) = det(1m − r(diag(αi,p)iX)),

αi,p are the Satake parameters of π =
⊗

v πv v ∈ ΣK (places in K),p = pv.
Here hv = diag(αi,p)i live in the Langlands group LG(C), r : LG(C) →
GLm(C) denotes a finite dimensional representation, and χ : A∗K/K∗ → C∗
is a character of finite order. Constructions admit extention to rather general
automorphic representations on Shimura varieties via the following tools:

• Modular symbols and their higher analogues (linear forms on coho-
mology spaces related to automorphic forms)
• Petersson products with a fixed automorphic form, or
• linear forms coming from the Fourier coefficients (or Whittaker func-

tions), or throught the
• CM-values (special points on Shimura varieties),
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2. Automorphic L-functions attached to symplectic and
unitary groups

Let us briefly describe the L-functions attached to symplectic and unitary
groups as certain Euler products in Chapter 5 of [31], with critical values
computed in Chapter 7, Theorem 28.8 using general nearly holomorphic
arithmetical automorphic forms for the group

G = G(ϕ) = {α ∈ GLm(K) | αϕtαρ = ν(α)ϕ}, ν(α) ∈ F ∗,

where ϕ = ηn =
(

0 1n
−1n 0

)
or ϕ =

(
1n 0
0 1m

)
, see also Ch.Skinner and E.Urban

[32] and Shimura G., [31].

2.1. The groups and automorphic forms studied by Shimura in [31].
Let F be a totally real algebraic number field, K be a totally imaginary
quadratic extension of F and ρ be the generator of Gal(K/F ). Take ηn =(

0 1n
−1n 0

)
and define

G = Sp(n, F ) (Case Sp)

G = {α ∈ GL2n(K)|αηnα∗ = ηn} (Case UT = unitary tube)

G = {α ∈ GL2n(K)|αTα∗ = T} (Case UB = unitary ball)

according to three cases. Assume F = Q for a while. The group of the real
points G∞ acts on the associated domain

H =


{z ∈M(n, n,C) | tz = z, Im(z) > 0} (Case Sp)

{z ∈M(n, n,C) | i(z∗ − z) > 0} (Case UT)

{z ∈M(p, q,C) | 1q − z∗z > 0} (Case UB),

with (p, q), p + q = n, being the signature of iT. Here z∗ = tz̄ and ¿
means that a hermitian matrix is positive definite. In Case UB, there is
the standard automorphic factor M(g, z), g ∈ G∞, z ∈ H taking values in
GLp(C)×GLq(C).

2.2. Shimura’s arithmeticity in the theory of automorphic forms
[31], p-adic zeta functions and nearly-holomorphic forms on clas-
sical groups. Automorphic L-functions via general quasi-modular forms.
Automorphic L-functions ans their p-adic versions can be obtained for quite
general automorphic representations on Shimura varieties by constructing p-
adic distributions out of algebraic numbers attached to automorphic forms.
These numbers satisfy certain Kummer-type congruences established in dif-
ferent ways component-wise for various Krasner-type components.

In order to describe both algebraicity and congruences of the critical val-
ues of the zeta functions of automorphic forms on unitary and symplectic
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groups, we follow the review by H.Yoshida [35] of Shimura’s book ”Arith-
meticity in the theory of automorphic forms” [31].

Also unitary Shimura varieties have recently attracted much interest (in
particular by Ch. Skinner and E. Urban), see [32], in relation with the proof
of the The Iwasawa Main Conjecture for GL(2).

2.3. Integral representations and critical values of the zeta func-
tions. Automorphic forms are assumed scalar valued in this part. For Cases
Sp and UT, Eisenstein series E(z, s) associated to the maximal parabolic
subgroup of G of Siegel type is introduced. Its analytic behaviour and those
values of σ ∈ 2−1Z at which E(z, σ) is nearly holomorphic and arithmetic,
are studied in [31]. This is achieved by proving a relation giving passage
from s to s − 1 for E(z, s), involving a differential operator, then exam-
ining Fourier coefficients of Eisenstein series using the theory of confluent
hypergeometric functions on tube domains.

For a Hecke eigenform f on GA and an algebraic Hecke character χ on
the idele group of K (in Case Sp, K = F ), the zeta function Z(s, f, χ) is
defined. Viewing it as an Euler product extended over prime ideals of F ,
the degree of the Euler factor is 2n+ 1 in Case Sp, 4n in Case UT, and 2n
in Case UB, except for finitely many prime ideals, see Chapter 5 of [31].

This zeta function is almost the same as the so called standard L-function
attached to f twisted by χ but it turns out to be more general in the unitary
case, see also [10].

Main results on critical values of the L-functions studied in Shimura’s
book [31] is stated in Theorem 28.5, 28.8 (Cases Sp, UT), and in Theorem
29.5 in Case UB.

Theorem 2.1 (algebraicity of critical values in Cases Sp and UT).
Let f ∈ V(Q̄) be a non zero arithmetical automorphic form of type Sp or UT.
Let χ be a Hecke character of K such that χa(x) = x`a|xa|−` with ` ∈ Za,
and let σ0 ∈ 2−1Z. Assume, in the notations of Chapter 7 of [31] on the

weights kv, µv, `v, that

Case Sp 2n+ 1− kv + µv ≤ 2σ0 ≤ kv − µv,
where µv = 0 if [kv]− lv ∈ 2Z
and µv = 1 if [kv]− lv 6∈ 2Z; σ0 − kv + µv

for every v ∈ a if σ0 > n and

σ0 − 1− kv + µv ∈ 2Z for every v ∈ a if σ0 ≤ n.
Case UT 4n− (2kvρ + `v) ≤ 2σ0 ≤ mv − |kv − kvρ − `v|

and 2σ0 − `v ∈ 2Z for every v ∈ a.
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Further exclude the following cases

(A) Case Sp σ0 = n+ 1, F = Q and χ2 = 1;

(B) Case Sp σ0 = n+ (3/2), F = Q;χ2 = 1 and [k]− ` ∈ 2Z
(C) Case Sp σ0 = 0, c = g and χ = 1;

(D) Case Sp 0 < σ0 ≤ n, c = g, χ2 = 1 and the conductor of χ is g;

(E) Case UT 2σ0 = 2n+ 1, F = Q, χ1 = θ, and kv − kvρ = `v;

(F) Case UT 0 ≤ 2σ0 < 2n, c = g, χ1 = θ2σ0 and the conductor of χ is r

Then
Z(σ0, f , χ)/〈f , f〉 ∈ πn|m|+dεQ̄,

where d = [F : Q], |m| =
∑

v∈amv, and

ε =


(n+ 1)σ0 − n2 − n, Case Sp, k ∈ Za, and σ0 > n0),

nσ0 − n2, Case Sp, k 6∈ Za, orσ0 ≤ n0),

2nσ0 − 2n2 + n Case UT

Notice that πn|m|+dε ∈ Z in all cases; if k 6∈ Za, the above parity condition
on σ0 shows that σ0 + kv ∈ Z, so that n|m|+ dε ∈ Z.

Remark of the referee: Some of the cases quoted from Shimura are
concerned with half-integral weight, the metaplectic case however does not
appear in the present paper.

We establish a p-adic analogue of Theorem 28.8 (in Cases Sp and UT) rep-
resenting algebraic parts of critical values as values of certain p-adic analytic
zeta functions.

3. Constructing p-adic zeta-functios via quasi-modular forms

We present here a new method of constructing p-adic zeta-functios based
on the use of general quasi-modular forms on classical groups.

This method uses only algebraic numbers coming from holomorphic and
nearly holomorphic modular forms, and quasi-modular forms.

A new method of constructing p-adic zeta-functios uses general quasi-
modular forms and their Fourier coefficients. The symmetric space

H = G(R)/((maximal-compact subgroup)K× Center)
parametrizes certain families of abelian varieties Az (z ∈ H) so that F ⊂
End(Az)⊗Q. The CM-points z correspond to a maximal multiplication ring
End(Az).

For the group GL(2), N.Katz [15] used arithmetical elements (real-analytic
and p-adic) instead of holomorphic forms. These elements correspond also
to quasi-modular forms coming from derivatives which can be defined in
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general using Shimura’s arithmeticity and the Maass-Shimura operators.
A relation real-analytic ↔ p-adic modular forms comes from the notion
of p-adic modular forms invented by J.-P.Serre [30] as p-adic limits of q-
expansions of modular forms with rational coefficients for Γ = SL2(Z). The
present method of constructing p-adic automorphic L-functions uses general
quasi-modular forms, and their link to algebraic p-adic modular forms.

Real-analytic and p-adic modular forms. In Serre’s case for Γ=SL2(Z),
the ringMp of p-adic modular forms contains M=⊕k≥0Mk(Γ,Z)=Z[E4, E6],
and it contains E2 = 1− 24

∑
n≥1 σ1(n)qn as element with the q-expansion.

On the other hand,

Ẽ2 = − 3

πy
+ E2 = −12S + E2, where S =

1

4πy
,

is a nearly holomorphic modular form (its coefficients are polynomials of S

over Q). Let N be the ring of such forms. Then Ẽ2|S=0 = E2 and it was
proved by J.-P. Serre that E2 is a p-adic modular form. Elements of the
ring QMc = N|S=0 = 0 will be called general quasi-modular forms. These
phenomena are quite general and can be used in computations and proofs.
In 2014, S. Böcherer extended these results to the Siegel modular case. A
preprint by S. Böcherer is available (for proceedings of this conference).

3.1. Injecting nearly-holomorphic forms into p-adic modular forms.
A recent discovery by Takashi Ichikawa (Saga University), [13], [14], allows
to inject nearly-holomorphic arithmetical (vector valued) Siegel modular
forms into p-adic modular forms. Via the Fourier expansions, the image
of this injection is represented by certain quasi-modular holomorphic forms
like E2 = 1 − 24

∑
n≥1 σ1(n)qn, with algebraic Fourier expansions. This

description provides many advantages, both computational and theoretical,
in the study of algebraic parts of Petersson products and L-values, which
we would like to develop here. In fact, the realization of nearly holomorphic
forms as p-adic modular forms has been studied by Eric Urban, who calls
them ”Nearly overconvergent modular forms” [33], Chapter 10.

Urban only treats the elliptic modular case in that paper, but I believe he
and Skinner are working on applications of a more general theory. This work
is related to a recent preprint [4] by S. Böcherer and Shoyu Nagaoka where
it is shown that Siegel modular forms of level Γ0(pm) are p-adic modular
forms. Moreover they show that derivatives of such Siegel modular forms
are p-adic. Parts of these results are also valid for vector-valued modular
forms.

3.2. Arithmetical nearly-holomorphic Siegel modular forms. Near-
ly-holomorphic Siegel modular forms over a subfield k of C are certain Cd
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-valued smooth functions f of Z = X +
√
−1Y ∈ Hn given by the follow-

ing expression f(Z) =
∑

T PT (S)qT where T runs through the set Bn of
all half-integral semi-positive matricies, S = (4πY )−1 a symmetric matrix,
qT = exp(2π

√
−1tr(TZ)), PT (S) are vectors of degree d whose entries are

polynomials of a degree uniformly bounded by r = r(f) of the entries of S
with coefficients over k.

In other words, f(Z) = Pf (S) is a vector whore entries are polynomials
over k of a degree r ≤ r(f) of the entries of S, with vectors coefficients in
the ring (k[[q11, . . . , qnn]][qij , q

±1
ij ]i,j=1,...,n)d ∗.

3.3. Algebraic Fourier expansion. can be defined algebraically using
an algebraic test object over the ring Rn = Z[[q11, . . . , qnn]][qij , q

±1
ij ]i,j=1,...n;

where qij (1 ≤ i, j ≤ n) are variables with symmetry qij = qji. Mumford
constructs in [Mu72] an object represented over Rn as

(Rn,N ⊗ (Gm)n/〈(qij)i=1,...,n |1 ≤ j ≤ n〉,
(Gm)n = Spec(Z[x±1

1 , . . . , x±1
n ])

For the level N , at each 0-dimensional cusp c on H∗n,N (Satake’s minimal

compactification of Hn,N ), this construction gives an abelian variety over
the formal power series ring

Rn,N = Z[1/N, ζN ][[q
1/N
11 , . . . , q1/N

nn ]][q±1
ij ]i,j=1,...,n

with a symplectic level N structure, and ωi = dxi/xi(1 ≤ i ≤ n) form a basis
of regular 1-forms. We may view algebraically Siegel modular forms as cer-
tain sections of vector bundles over Hn,N . Using the morphism Spec(Rn,N )
→ Hn,N , E becomes (Rn,N ⊗ R)n in the basis ωi = dxi/xi, (1 ≤ i ≤ n) of
regular 1-forms.

3.4. Fourier expansion map and q-expansion principle. For an alge-
braic representation ρ : GLn → GLd , Eρ becomes in the above basis ωi

Eρ ×Hn,N⊗R Spec(Rn,N ⊗R) = (Rn,N ⊗R)d.

For an R-module M , the space of Siegel modular forms with coeffcients in
M of weight ρ is defined as

Mρ(M) = H0(Hn,N ⊗R,Eρ ⊗RM).

Then the evaluation on Mumford’s abelian scheme gives a homomorphism

Fc : Mρ(M)→ (Rn,N ⊗Z[1/N,ζN ] M)d

which is called the Fourier expansion map associated with c. According to
[14], Theorem 2, Fc satisfies the following q-expansion principle:

∗thanks to referee’s remark!
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If M ′ is a sub R-module of M and f ∈Mρ(M) satisfies that

Fc(f) ∈ (Rn,N ⊗Z[1/N,ζN ] M
′)d,

then f ∈Mρ(M
′).

For the q-expansion principle in the unitary case, see [9], [10].

3.5. Algebraic nearly holomorphic forms as formal Fourier expan-
sions over a commutative ring A. Algebraically we use the notation

qT =

n∏
i=1

qTiiii

∏
i<j

q
2Tij
ij ∈ A[[q11, . . . , qnn]][qij , q

±1
ij ]i,j=1,...,n

(with qT = exp(2πitr(TZ)), qij = exp(2π(
√
−1Zij)) for A = C). The el-

ements qT form a multiplicative semi-group so that qT1 ·T2 = qT1+T2 , and
one may consider f as a formal q-expansion over an arbitrary ring A via
elements of the semi-group algebra A[[qBn ]].

Algebraic definition of arithmetical nearly holomorphic forms, see [31]
f ∈ Se(Sym2(An), A[[qBn ]]d), where Se denotes the A-polynomial mappings
of degree e on symmetric matricies S ∈ Sym2(An) of order n with vector
values in A[[qBn ]]d.

Notation: f =
∑

T aT (S)qT ∈ N(A).
General quasi-modular forms. For all f =

∑
T aT (S)qT ∈ N(A) define

general quasi-modular forms as elements of the form

κ(f) =
∑
T

aT (0)qT = f |S=0.

Notation: κ(f) ∈ QM(A).

3.6. Computing the Petersson products. The Petersson product of a
given modular form f(Z) =

∑
T aT q

T ∈ Mρ(Q̄) by another modular form
h(Z) =

∑
T aT q

T ∈Mρ∗(Q̄) produces a linear form

`f : h 7→ 〈f, h〉
〈f, f〉

defined over a subfield k ⊂ Q. Thus `f can be expressed through the Fourier
coeffcients of h in the case when there is a finite basis of the dual space
consisting of certain Fourier coeffcients: `Ti : h 7→ bTi(i = 1, . . . , n). It
follows that `f (h) =

∑
i γibTi , where γi ∈ k.
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We show in 3.9 below that this construction extends for two quasi-modular
forms

f(Z) = κ

(∑
T

aT (S)qT
)
∈ QMρ(Q̄) and

h(Z) = κ

(∑
T

bT q
T (S)

)
∈ QMρ∗(Q̄),

when the Petersson product 〈f, h〉QM is defined as 〈f̃ , h̃〉, where

f̃ =
∑
T

aT (S)qT , h̃ =
∑
T

bT (S)qT , f =
∑
T

aT (0)qT , h =
∑
T

bT (0)qT .

Thanks to the Ichikawa’s injection f̃ 7→ f , the linear form `f : h 7→
〈f, h〉
〈f, f〉

is again defined over a subfield k ⊂ Q and can be expressed through

the Fourier coefficients bT = bT (0) of h under appropriate assumptions of
finiteness of dimensions.

For the adelic automorphic forms, a semi-adelic setting as in [29] can be
used component-wise.

3.7. Applications to constructions of p-adic L-functions. We recall
here some methods of construction of p-adic L-functions.

There exist two kinds of L-functions

• Complex L-functions (Euler products) on C = Hom(R∗+;C∗).
• p-adic L-functions on the Cp-analytic group Homcont(Z∗p,C∗p) (Mellin

transforms Lµ of p-adic measures µ on Z∗p).
Both are used in order to obtain a number (L-value) from an automor-

phic form. Such a number can be algebraic (after normalization) via the
embeddings,

Q̄ ↪→ C, Q̄ ↪→ Cp = ˆ̄Qp

and we may compare the complex and p-adic L-values at many points.
How to define and to compute p-adic L-functions? The Mellin

transform of a p-adic distribution µ on Z∗p gives an analytic function on the
group of p-adic characters

x 7→ Lµ(x) =

∫
Z∗
p

x(y)dµ(y), x ∈ XZ∗
p

= Homcont(Z∗p,C∗p)

A general idea is to construct p-adic measures directly from Fourier coef-
ficients of modular forms proving Kummer-type congruences for L-values.
We present a new method to construct p-adic L-functions via quasimodulat
forms as follows
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3.8. Proving Kummer-type congruences using the Fourier coeffi-
cients. Suppose that we are given some L-function L∗f (s, χ) attached to a
Siegel modular form f and assume that for infinitely many ”critical pairs”
(sj ;χj) one has an integral representation L∗f (s, χ) = 〈f, hj〉 with all hj =∑

T bj,T q
T ∈ M in a certain finite-dimensional space M containing f and

defined over Q̄. We want to prove the following Kummer-type congruences:

∀x ∈ Z∗p,
∑
j

βjχjx
kj ≡ 0 mod pN =⇒

∑
j

βj
L∗f (s, χ)

〈f, f〉
≡ 0 mod pN ,

where

βj ∈ Q̄, kj =

{
sj − s0 if s0 = minj sj or

kj = s0 − sj if s0 = maxj sj .

Using the above expression for `f (hj) =
∑

i γi, jbj,Ti , the above congruences
reduce to ∑

i,j

γi,jβjbj,Ti ≡ 0 mod pN .

The last congruence is done by elementary check on Fourier coefficients bj,Ti .
Using Krasner graded structures in general, the abstract Kummer congru-

ences are checked for a family of test elements (e.g. certain p-adic Dirichlet
characters with values in Q̄∗p, viewed as homogeneous elements of grade

j ∈ J ⊂ Y, with above J = Yalg.

3.9. From holomorphic to nearly holomorphic and p-adic modular
forms. Next we explain, how to treat the functions hj which belong to a
certain infine dimensional Q-vector space N ⊂ Nρ(Q̄) (of nearly holomorphic
modular forms).

Usually, hj can be expressed through the functions δkj (ϕ0(χj)) for a cer-
tain non-negative power kj of the Maass-Shimura-type diffential operator
applied to a holomorphic form ϕ0(χj). Then the idea is to proceed in two
steps:

1) A passage from the infinite dimensional Q̄-vector space N = N(Q) of
nearly holomorphic modular forms,

N(Q) :=
⋃
m≥0

Nk,r(Q)(Npm, Q)

(of the depth r): to a fixed finite dimensional characteristic subspace Nα ⊂
N(Np) of Up in the same way as for the holomorphic forms. This step
controls Petersson products using conjugate f0 of an eigenfunction f0 of
U(p):

〈f0, h〉 = α−m〈f0, h|U(p)m〉 = 〈f0, πα(h)〉.
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2) The use of Ichikawa’s injecgtion ιp : N(Np) → Mp(Np) to a certain
space Mp(Np) of p-adic Siegel modular forms. Notice also that the realiza-
tion of nearly holomorphic forms as p-adic modular forms has been studied
by Eric Urban, who calls them ”Nearly overconvergent modular forms” [33],
Chapter 10.

Let us assume algebraically,

hj =
∑
T

bj,T (S)qT 7→ κ(hj) =
∑
T

bj,T (0)qT

which is also a certain Siegel quasi-modular form. Under this mapping,
computations become much easier, as the action of δkj becomes simply a kj
-power of the Ramanujan Θ-operator

Θ :
∑
T

bT q
T 7→

∑
T

det(T )bT (0)qT

in the scalar-valued case. In the vector-valued case such operators were
studied in [4].

After this step, proving the Kummer-type congruences reduces to those
for the Fourier coefficients of the quasi-modular forms κ(hj(χj)) which can
be explicitely evaluated using the Θ-operator.

3.10. Computing with Siegel modular forms over a ring A. There are
several types of Siegel modular forms (vector-valued, nearly-holomorphic,
quasi-modular, p-adic). Consider modular forms over a ring A = C,Cp,Λ =
Zp[[T ]], . . . as certain formal Fourier expansions over A. Let us fix the con-
gruence subgroup Γ of a nearly holomorphic modular form f ∈ Nρ and its
depth r as the maximal S-degree of the poynomial Fourier Fourier coeffi-
cients aT (S) of a nearly holomorphic form

hj =
∑
T

bj,T (S)qT 7→ κ(hj) =
∑
T

bj,T (0)qT

which is also a certain Siegel quasi-modular form. Under this mapping,
computation become much easier, as the action of δkj becomes simply a
kj-power of the Ramanujan Θ-operator

Θ :
∑
T

aT (S)qT ∈ N(A),

over R, and denote by Nρ,r(Γ, A) the A-module of all such forms. This mod-
ule is often locally-free of finite rank, that is, it becomes a finite-dimensional
F -vector space over the fraction field F = Frac(A).
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3.11. Types of modular forms.

• Mρ (holomorphic vector-valued Siegel modular forms attached to an
algebraic representation ρ : GLn → GLd )
• QM = N|S=0 (quasi-modular vector-valued forms attached to ρ)
• Nρ (holomorphic vector-valued Siegel modular forms, algebraic p-

adic vector-valued forms attached to ρ over a number field k ⊂ Q̄ ↪→
Cp))

Definitions and interrelations:

• QMρ,r = κ(Nρ,r), where κ : f 7→ f |S=0 =
∑

T PT (0)qT , with the

notation Rn,∞ = C[[q11, . . . qnn]][qij , q
−1
ij ]ij=1,...,n

• M[
ρ,r(R,Γ))) = Fc(ιp(Nρ,r(R,Γ))) ⊂ Rdn,p where

Rn,p = Cp[[q11, . . . qnn]][qij , q
−1
ij ]ij=1,...,n

Let us fix the level Γ, the depth r , and a subring R of Q̄, then all the
R-modules Mρ,r(R,Γ))), Nρ,r(R,Γ))) QMρ,r(R,Γ))), M[

ρ,r(R,Γ))) are then
locally free of finite rank.

In interesting cases, there is an inclusion

QMρ,r(R,Γ) ↪→M[
ρ,r(R,Γ).

If Γ = SL2(Z), k = 2, P = E2 is a p-adic modular form, see [30], p.211.

4. Applications to unitary groups

Although we treat here only the Siegel modular case here, the results
can be extended to the general Sp- and unitary cases (UT in Shimura’s
terminology).

Towards general constructions of p-adic L-functions for unitary
groups. In the most recent version of the paper [10] by Ellen Eischen,
Michael Harris, Jianshu Li, Christopher Skinner, a construction of p-adic L-
functions for unitary group in the ordinary case was completed using p-adic
modular forms. Also, the case of Hida’s families of such forms is treated
using a construction of Eisenstein measures.

Our present method provides a construction of algebraic-valued distribu-
tions using only Q̄-linear forms of arithmetical quasi-modular forms defined
through the Garrett map ([10], p.6), Petersson products and their coeffi-
cients.

According to Proposition 8.2.10., p.124 of [10], supposing π (anti-) holo-
morphic and (anti-) ordinary, the Newton polygon of πw and Hodge polygon
of πw meet at the midpoint. In motivic terms, this says that the motive ob-
tained by restriction of scalars to Q of the motive attached to π satisfies an
admissibility condition, see [25].
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It would be interesting to consider the difference h of two polygons at
the center point, and in the admissible non-ardinary case to construct h-
admissibles measures of type Amis-Vélu and B. Mazur, Tate, J. Teitelbaum,
[24].

If h > 0, such measures produce p-adic L-fonctions of logarithmic growth
logh from the sequences of agebraic valued distributions.

In particular, this construction provides Amice-Velu admissible measures
through certain sequences of quasi-modular valued distributions as in [26],
without the explicit use of p-adic modular forms, but only quasi-modular
forms over Q̄.

More details appear elsewhere.
On the other hand, in [16] by Toshiyuki Kikuta, Shoyu Nagaoka, some

important congruence relations with respect to some Hermitian modular
forms are given. We wish also to interpret them as a passage from the p-adic
modular forms to algebraic quasi-modular forms, simplifying constructions
of p-adic L-functions mentioned above.
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[21] M. Krasner and L. Kaloujnine, Produit complet des groupes de permutations et prob-

lme d’extension de groupes II , Acta Sci. Math. Szeged, 14 (1951), p. 39-66 et 69-82.
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